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ʈɸʉʇʈɽɼɽʃɽʅʀɽ ʇʆʊɽʅʎʀɸʃɸ ɺ ʆʂʈɽʉʊʅʆʉʊʀ ʆʇʆʈʓ ʃʀʅʀʀ 

ʕʃɽʂʊʈʆʇɽʈɽɼɸʏʀ 

ʇʘʮʶʢ ɺ.ʀ. 

ʀʥʩʪʠʪʫʪ ʕʥʝʨʛʝʪʠʢʠ ɸʅʄ  

 

ɸʥʥʦʪʘʮʠʷ. ɺ ʩʪʘʪʴʝ ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʥʦʚʳʡ ʧʦʜʭʦʜ ʧʨʠʤʝʥʝʥʠʷ ʤʝʪʦʜʘ ʢʦʥʝʯʥʳʭ 

ʦʙʲʝʤʦʚ ʜʣʷ ʨʘʩʯʝʪʘ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʦ-ʥʝʦʜʥʦʨʦʜʥʦʡ 

ʪʨʝʭʤʝʨʥʦʡ ʩʨʝʜʝ. ʉʬʦʨʤʫʣʠʨʦʚʘʥʘ ʟʘʜʘʯʘ ɼʠʨʠʭʣʝ ʩ ʧʦʩʪʨʦʝʥʠʝʤ ʨʘʩʯʝʪʥʦʡ ʩʝʪʢʠ ʥʘ 

ʦʩʥʦʚʝ ʨʘʟʙʠʝʥʠʷ ʧʨʦʩʪʨʘʥʩʪʚʘ, ʠʟʚʝʩʪʥʦʛʦ ʢʘʢ ʪʨʠʘʥʛʫʣʷʮʠʷ ɼʝʣʦʥʝ ʩ ʧʨʠʤʝʥʝʥʠʝʤ ʚ 

ʨʘʩʯʝʪʥʦʡ ʩʭʝʤʝ ʷʯʝʝʢ ɺʦʨʦʥʦʛʦ. ʇʨʝʜʣʘʛʘʝʪʩʷ ʯʠʩʣʝʥʥʳʡ ʘʣʛʦʨʠʪʤ ʜʣʷ ʨʘʩʯʝʪʘ 

ʧʦʪʝʥʮʠʘʣʘ ʠ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʦʧʦʨʳ 

ʣʠʥʠʠ ʵʣʝʢʪʨʦʧʝʨʝʜʘʯʠ. ʈʘʟʨʘʙʦʪʘʥ ʘʣʛʦʨʠʪʤ ʠ ʧʨʦʛʨʘʤʤʘ ʯʠʩʣʝʥʥʦʛʦ ʩʯʝʪʘ ʚ ʩʨʝʜʝ 

ʧʨʠʣʦʞʝʥʠʷ Matlab. ʇʨʠʚʝʜʝʥʳ ʨʝʟʫʣʴʪʘʪʳ ʨʘʩʯʝʪʘ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ 

ʧʦʪʝʥʮʠʘʣʘ ʠ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ.   

ʂʣʶʯʝʚʳʝ ʩʣʦʚʘ: ʕʣʝʢʪʨʠʯʝʩʢʦʝ ʧʦʣʝ, ʥʝʦʜʥʦʨʦʜʥʘʷ ʩʨʝʜʘ, ʧʦʪʝʥʮʠʘʣ, 

ʥʘʧʨʷʞʝʥʥʦʩʪʴ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ, ʯʠʩʣʝʥʥʳʡ ʤʝʪʦʜ. 

 
REPARTIŝIE TRIDIMENSIONALŀ A CĄMPULUI ELECTRIC ĊN VECINŀTATEA 

PILONULUI ELECTRIC  

PaŞiuc V.I.  

Institutul de EnergeticŁ al AķM 

Rezumat. Ċn lucrare se examineazŁ o nouŁ abordare a utilizŁrii metodei volumelor finite pentru a calcula c©mpul 

electric ´n mediul tridimensional neomogen spaŞial. S-a formulat problema Dirichlet cu construirea reŞelei de 

divizare denumitŁ trianghiularea Delaunay ĸi celulele Voronoi. S-a propus algoritmul de calcul numeric a 

potenŞialului ĸi intensitŁŞii c©mpului electric ´n spaŞiul ´n vecinŁtatea pilonului electric. A fost elaborat algoritmul 

ĸi programa de calcul ´n mediul aplicaŞiei Matlab. Sunt prezentate rezultatele calculelor repartiŞiei potenŞialului ĸi 

a intensitŁŞii c©mpului electric ´n spaŞiu.   

Cuvinte-cheie: C©mp electric, mediu neomogen, potenŞial, intensitatea c©mpului electric, metodŁ numericŁ. 

 

POTENTIAL DISTRIBUTION IN VICINITY OF TRANSMISSI ON LINE SUPPORT 
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Abstract. The paper examines a new approach to finite volume method which is used to calculate the electric 

field of spatially inhomogeneous three-dimensional environment. The Dirichlet problem is formulated and the 

computational grid is constructed on the base of space partition, which is known as Delaunay triangulation with 

the use of Voronoi cells. To calculate the potential and the electric field strength in the vicinity of the electric 

line support the numerical algorithm is proposed. We have developed the algorithm and the corresponding 

software using Matlab application.  There are presented some numerical results of calculations of the distribution 

of potential and of the electric field strength. 

Keyword:  Electric field, inhomogeneous medium, potential, electrical field strength, numerical method. 
 

1. ɺʚʝʜʝʥʠʝ 

ʎʝʣʴʶ ʨʘʙʦʪʳ ʷʚʣʷʝʪʩʷ ʨʘʩʯʝʪ ʧʦʪʝʥʮʠʘʣʘ ʠ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʵʣʝʢʪʨʦʩʪʘʪʠʯʝʩʢʦʛʦ 

ʧʦʣʷ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʦʧʦʨʳ ʚʳʩʦʢʦʚʦʣʴʪʥʦʡ ʣʠʥʠʠ ʵʣʝʢʪʨʦʧʝʨʝʜʘʯʠ ʥʘʧʨʷʞʝʥʠʷ 500 ʢɺ. 

 

2. ʇʦʩʪʘʥʦʚʢʘ ʢʨʘʝʚʦʡ ʟʘʜʘʯʠ 

ʈʘʩʩʤʦʪʨʠʤ ʟʘʜʘʯʫ ʦʧʨʝʜʝʣʝʥʠʷ ʪʨʝʭʤʝʨʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʧʦʪʝʥʮʠʘʣʘ ),,( zyxu  

ʵʣʝʢʪʨʦʩʪʘʪʠʯʝʩʢʦʛʦ ʧʦʣʷ ʚ ʤʥʦʛʦʩʚʷʟʥʦʡ ʦʙʣʘʩʪʠ W, ʚ ʢʦʪʦʨʦʡ ʦʪʥʦʩʠʪʝʣʴʥʘʷ 

ʜʠʵʣʝʢʪʨʠʯʝʩʢʘʷ ʧʨʦʥʠʮʘʝʤʦʩʪʴ ),( yxae  ʧʨʠʥʠʤʘʝʪ ʢʫʩʦʯʥʦ-ʧʦʩʪʦʷʥʥʦʝ ʟʥʘʯʝʥʠʝ: ea = 

1 ʚ ʚʦʟʜʫʭʝ ʠ ea = 6 ʚʥʫʪʨʠ ʠʟʦʣʷʪʦʨʘ. ʅʘ ʨʠʩ. 1 ʠʟʦʙʨʘʞʝʥʘ ʦʙʣʘʩʪʴ W, ʢʦʪʦʨʘʷ 

ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜ ʩʦ ʩʪʦʨʦʥʘʤʠ ʜʣʠʥʦʡ 2Lx, Ly, Lz, ʦʢʨʫʞʘʶʱʠʡ 

ʦʧʦʨʫ ʩ ʧʦʜʚʝʰʝʥʥʳʤʠ ʧʨʦʚʦʜʘʤʠ. ʅʠʞʥʠʝ ʪʨʠ ʧʨʦʚʦʜʘ ʥʘʭʦʜʷʪʩʷ ʧʦʜ ʥʘʧʨʷʞʝʥʠʝʤ 
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500 ʢɺ, ʘ ʚʝʨʭʥʠʝ ʜʚʘ ʠʤʝʶʪ ʥʫʣʝʚʦʡ ʧʦʪʝʥʮʠʘʣ. ʇʣʦʩʢʦʩʪʴ z = 0 ʷʚʣʷʝʪʩʷ ʧʣʦʩʢʦʩʪʴʶ 

ʧʦʚʝʨʭʥʦʩʪʠ ʟʝʤʣʠ ʩ ʥʫʣʝʚʳʤ ʧʦʪʝʥʮʠʘʣʦʤ. ʇʦʪʝʥʮʠʘʣ ʦʧʦʨʳ ʪʘʢʞʝ ʨʘʚʝʥ ʥʫʣʶ. 

ʇʨʝʜʧʦʣʘʛʘʝʪʩʷ, ʯʪʦ ʧʣʦʩʢʦʩʪʠ x = Lx, x = -Lx ʠ z = Lz ʨʘʩʧʦʣʦʞʝʥʳ ʥʘ ʜʦʩʪʘʪʦʯʥʦ 

ʙʦʣʴʰʦʤ ʨʘʩʩʪʦʷʥʠʠ ʦʪ ʦʧʦʨʳ ʠ ʧʦʵʪʦʤʫ ʥʘ ʥʠʭ ʪʘʢʞʝ ʧʦʪʝʥʮʠʘʣ ʨʘʚʝʥ ʥʫʣʶ. ʅʘ 

ʧʣʦʩʢʦʩʪʷʭ y = 0 ʠ y = Ly ʟʘʜʘʶʪʩʷ ʫʩʣʦʚʠʷ ʩʠʤʤʝʪʨʠʠ.  

 

 
 

ʈʠʩ. 1. ɺʃ 500 ʢɺ ʩʪʘʥʜʘʨʪʥʦʛʦ ʠʩʧʦʣʥʝʥʠʷ ʩ ʛʦʨʠʟʦʥʪʘʣʴʥʦʡ ʧʦʜʚʝʩʢʦʡ ʧʨʦʚʦʜʦʚ 

 

ʌʫʥʢʮʠʷ ),,( zyxu  ʚʥʫʪʨʠ ʦʙʣʘʩʪʠ W ʫʜʦʚʣʝʪʚʦʨʷʝʪ ʫʨʘʚʥʝʥʠʶ ʇʫʘʩʩʦʥʘ 

 
),,()grad(div zyxua s-=e
,     (1) 

 

ʛʜʝ ),,( zyxs  ï ʧʣʦʪʥʦʩʪʴ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʩʚʦʙʦʜʥʳʭ ʟʘʨʷʜʦʚ. ɽʩʣʠ ʚ ʦʙʣʘʩʪʠ W 

ʪʘʢʦʚʳʝ ʦʪʩʫʪʩʪʚʫʶʪ, ʪʦ ʫʨʘʚʥʝʥʠʝ (1) ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ ʫʨʘʚʥʝʥʠʝ ʃʘʧʣʘʩʘ 

0)grad(div =e ua . ʅʘ ʛʨʘʥʠʮʝ Wµ=G  ʦʙʣʘʩʪʠ W ʩʯʠʪʘʶʪʩʷ ʠʟʚʝʩʪʥʳʤʠ ʣʠʙʦ ʟʥʘʯʝʥʠʷ 

),,( zyxu  

 

 ),,(),,( zyxzyxu m=
G

, (2) 
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ʣʠʙʦ ʧʨʦʠʟʚʦʜʥʘʷ ʧʦ ʥʘʧʨʘʚʣʝʥʠʶ ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ ʨʘʚʥʘ ʥʫʣʶ (ʫʩʣʦʚʠʷ ʩʠʤʤʝʪʨʠʠ) 

 

 0=
µ

µ

Gn

u
. (3) 

 

ɺʝʢʪʦʨ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʧʦʣʷ E
C

 ʦʧʨʝʜʝʣʷʝʪʩʷ ʯʝʨʝʟ ʧʦʪʝʥʮʠʘʣ u ʧʦ ʬʦʨʤʫʣʝ 

uE grad-=
C

, ʘ ʚʝʢʪʦʨ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʩʤʝʱʝʥʠʷ ED a

CC
e= . ʅʘ ʛʨʘʥʠʮʘʭ ʨʘʟʜʝʣʘ 

ʨʘʟʥʦʨʦʜʥʳʭ ʩʨʝʜ ʚʳʧʦʣʥʷʶʪʩʷ ʫʩʣʦʚʠʝ ʥʝʧʨʝʨʳʚʥʦʩʪʠ: 0][ =u  ʠ 0)],[( =nD
CC

, ʛʜʝ 

ʢʚʘʜʨʘʪʥʳʤʠ ʩʢʦʙʢʘʤʠ ʦʙʦʟʥʘʯʝʥʘ ʨʘʟʥʦʩʪʴ ʧʨʝʜʝʣʴʥʳʭ ʟʥʘʯʝʥʠʡ ʩʣʝʚʘ ʠ ʩʧʨʘʚʘ ʦʪ 

ʛʨʘʥʠʮʳ ʨʘʟʜʝʣʘ, ʘ n
C

 ï ʚʝʢʪʦʨ ʥʦʨʤʘʣʠ ʢ ʥʝʡ. 

 

3. ʇʦʩʪʨʦʝʥʠʝ ʜʠʩʢʨʝʪʥʦʡ ʤʦʜʝʣʠ 

ʏʠʩʣʝʥʥʦʝ ʨʝʰʝʥʠʝ ʩʬʦʨʤʫʣʠʨʦʚʘʥʥʦʡ ʟʘʜʘʯʠ (1)-(3) ʚ ʦʙʲʝʤʥʦʡ ʦʙʣʘʩʪʠ 

G+W=W  ʩʦʩʪʦʠʪ ʠʟ ʥʝʩʢʦʣʴʢʠʭ ʵʪʘʧʦʚ: 

A. ʇʦʩʪʨʦʝʥʠʝ ʜʠʩʢʨʝʪʥʦʡ ʩʝʪʢʠ ʚ ʪʨʝʭʤʝʨʥʦʡ ʦʙʣʘʩʪʠ, ʦʢʨʫʞʘʶʱʝʡ ʦʧʦʨʫ. 

B. ɼʠʩʢʨʝʪʠʟʘʮʠʷ ʫʨʘʚʥʝʥʠʷ ʃʘʧʣʘʩʘ (1) ʠ ʧʦʣʫʯʝʥʠʝ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ 

ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ. 

C. ʈʝʰʝʥʠʝ ʩʠʩʪʝʤʳ ʠ ʧʦʣʫʯʝʥʠʝ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʧʦʣʷ ʧʦʪʝʥʮʠʘʣʘ. 

D. ʈʘʩʯʝʪ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʥʘ ʙʘʟʝ ʧʦʣʷ ʧʦʪʝʥʮʠʘʣʘ. 

ʀʟ ʧʝʨʝʯʠʩʣʝʥʥʳʭ ʵʪʘʧʦʚ ʩʘʤʳʤ ʩʣʦʞʥʳʤ ʷʚʣʷʝʪʩʷ ʧʝʨʚʳʡ. ʇʨʦʮʝʩʩ ʧʦʣʫʯʝʥʠʷ 

ʩʝʪʢʠ ʚ ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩʦʩʪʦʠʪ ʠʟ ʥʝʩʢʦʣʴʢʠʭ ʰʘʛʦʚ: 

 

 
a) 
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ʙ) 

ʈʠʩ. 2. ʉʝʪʢʘ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʦʧʦʨʳ ʘ) ʠ ʪʨʠʘʥʛʫʣʷʮʠʷ ʦʙʣʘʩʪʠ ʙ) 

a) ɺ ʜʚʫʤʝʨʥʦʡ ʦʙʣʘʩʪʠ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʡ ʧʨʦʚʦʜʘʤ, ʩʪʨʦʠʪʩʷ ʩʝʪʢʘ ʩ 

ʠʩʧʦʣʴʟʦʚʘʥʠʝʤ ʬʨʦʥʪʘʣʴʥʦʛʦ ʘʣʛʦʨʠʪʤʘ (advancing front method) [1, 2]. 

ʈʘʩʩʤʘʪʨʠʚʘʶʪʩʷ ʜʚʝ ʜʚʫʤʝʨʥʳʝ ʦʙʣʘʩʪʠ: ʩʦʜʝʨʞʘʱʘʷ ʦʧʦʨʫ ʠ ʙʝʟ ʦʧʦʨʳ 

(ʪʦʣʴʢʦ ʩ ʧʨʦʚʦʜʘʤʠ). ɺ ʩʣʫʯʘʝ ʦʙʣʘʩʪʠ ʩ ʦʧʦʨʦʡ ʟʘʜʘʯʘ ʨʘʟʙʠʚʘʝʪʩʷ ʝʱʝ ʥʘ ʜʚʝ: 

ʧʨʷʤʦʫʛʦʣʴʥʘʷ ʦʙʣʘʩʪʴ ʚ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦʡ ʙʣʠʟʦʩʪʠ ʦʪ ʦʧʦʨʳ ʠ ʦʙʣʘʩʪʴ ʚʜʘʣʠ 

ʦʪ ʦʧʦʨʳ ʙʝʟ ʧʨʷʤʦʫʛʦʣʴʥʠʢʘ ʚʦʢʨʫʛ ʦʧʦʨʳ. ʇʦʩʣʝ ʧʦʩʪʨʦʝʥʠʷ ʩʝʪʢʠ ʚ ʵʪʠʭ ʜʚʫʭ 

ʦʙʣʘʩʪʷʭ ʧʨʦʠʟʚʦʜʠʪʩʷ ʦʙʲʝʜʠʥʝʥʠʝ ʜʚʫʭ ʩʝʪʦʢ ʩ ʠʩʢʣʶʯʝʥʠʝʤ ʦʙʱʠʭ ʫʟʣʦʚ. ʅʘ 

ʨʠʩ. 2 ʧʨʠʚʝʜʝʥʦ ʠʟʦʙʨʘʞʝʥʠʝ ʩʝʪʢʠ ʥʘ ʛʨʘʥʠʮʝ ʦʙʣʘʩʪʠ ʨʘʩʯʝʪʘ ʠ ʪʨʠʘʥʛʫʣʷʮʠʷ 

ʦʙʣʘʩʪʠ, ʧʦʩʪʨʦʝʥʥʘʷ ʧʫʪʝʤ ʧʨʠʤʝʥʝʥʠʷ ʬʨʦʥʪʘʣʴʥʦʛʦ ʘʣʛʦʨʠʪʤʘ. 

b) ʌʠʥʘʣʴʥʘʷ ʪʨʝʭʤʝʨʥʘʷ ʩʝʪʢʘ ʩʦʙʠʨʘʝʪʩʷ ʠʟ ʥʘʙʦʨʘ ʧʣʦʩʢʠʭ ʜʚʫʤʝʨʥʳʭ ʩʝʪʦʢ, 
ʢʦʪʦʨʳʝ ʚʙʣʠʟʠ ʦʧʦʨʳ ʨʘʩʧʦʣʘʛʘʶʪʩʷ ʥʘ ʜʦʩʪʘʪʦʯʥʦ ʙʣʠʟʢʦʤ ʨʘʩʩʪʦʷʥʠʠ ʜʨʫʛ ʦʪ 

ʜʨʫʛʘ, ʘ ʩ ʫʜʘʣʝʥʠʝʤ ʦʪ ʦʧʦʨʳ ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʧʣʦʩʢʦʩʪʷʤʠ ʫʚʝʣʠʯʠʚʘʝʪʩʷ 

c) ɿʘʪʝʤ ʩʨʝʜʩʪʚʘʤʠ ʄʘʪʣʘʙʘ ʧʨʦʠʟʚʦʜʠʪʩʷ ʪʨʝʭʤʝʨʥʘʷ ʪʨʠʘʥʛʫʣʷʮʠʷ ɼʝʣʦʥʝ ʠ 

ʩʪʨʦʷʪʩʷ ʷʯʝʡʢʠ ɺʦʨʦʥʦʛʦ, ʢʦʪʦʨʳʝ ʠʩʧʦʣʴʟʫʶʪʩʷ ʚ ʜʘʣʴʥʝʡʰʝʤ ʜʣʷ 

ʜʠʩʢʨʝʪʠʟʘʮʠʠ ʫʨʘʚʥʝʥʠʷ ʃʘʧʣʘʩʘ. 

ʊʨʝʭʤʝʨʥʘʷ ʪʨʠʘʥʛʫʣʷʮʠʷ ʩʦʩʪʦʠʪ ʠʟ ʥʘʙʦʨʘ ʪʝʪʨʘʵʜʨʦʚ (ʧʠʨʘʤʠʜʦʢ), ʤʥʦʞʝʩʪʚʦ 

ʢʦʪʦʨʳʭ ʦʙʦʟʥʘʯʠʤ ʢʘʢ hT , ʛʜʝ h  ï ʤʘʢʩʠʤʘʣʴʥʘʷ ʜʣʠʥʘ ʚʩʝʭ ʩʪʦʨʦʥ ʧʠʨʘʤʠʜʦʢ. 

ɺʚʝʜʝʤ ʪʘʢʞʝ ʜʫʘʣʴʥʫʶ ʩʝʪʢʫ *
hT , ʢʦʪʦʨʘʷ ʩʦʩʪʦʠʪ ʠʟ ʪʘʢ ʥʘʟʳʚʘʝʤʳʭ ʷʯʝʝʢ ɺʦʨʦʥʦʛʦ. 

ʂʘʞʜʘʷ ʷʯʝʡʢʘ ɺʦʨʦʥʦʛʦ ʦʢʨʫʞʘʝʪ ʦʜʠʥ ʠʟ ʚʥʫʪʨʝʥʥʠʭ ʫʟʣʦʚ ʨʘʟʥʦʩʪʥʦʡ ʩʝʪʢʠ. ʅʘ ʨʠʩ. 

3 ʧʨʠʚʝʜʝʥʳ ʧʨʠʤʝʨ rʪʨʝʭʤʝʨʥʦʡ ʷʯʝʡʢʠ ɺʦʨʦʥʦʛʦ ʜʣʷ ʙʘʟʦʚʳʭ ʫʟʣʦʚ ʩ ʥʦʤʝʨʘʤʠ 13 ʠ 

2012. ɺʠʜʥʦ, ʯʪʦ ʙʘʟʦʚʳʡ ʫʟʝʣ ʩʚʷʟʘʥ ʩ ʜʨʫʛʠʤʠ ʫʟʣʘʤʠ ʩʝʪʢʠ, ʢʦʪʦʨʳʝ ʥʘʟʳʚʘʶʪʩʷ 

ʩʦʩʝʜʥʠʤʠ ʫʟʣʘʤʠ, ʘ ʷʯʝʡʢʘ ɺʦʨʦʥʦʛʦ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʤʥʦʛʦʛʨʘʥʥʠʢ ʩ ʟʝʣʝʥʳʤʠ 

ʛʨʘʥʷʤʠ. ʂʘʞʜʘʷ ʛʨʘʥʴ ʷʯʝʡʢʠ ʦʨʪʦʛʦʥʘʣʴʥʘ ʦʪʨʝʟʢʫ, ʩʦʝʜʠʥʷʶʱʝʤʫ ʙʘʟʦʚʳʡ ʫʟʝʣ ʩ 

ʩʦʩʝʜʥʠʤ ʫʟʣʦʤ, ʘ ʪʦʯʢʘ ʧʝʨʝʩʝʯʝʥʠʷ ʛʨʘʥʠ ʠ ʦʪʨʝʟʢʘ ʨʘʩʧʦʣʦʞʝʥʘ ʧʦʩʝʨʝʜʠʥʝ ʦʪʨʝʟʢʘ. 
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a) 

 
ʙ) 

ʈʠʩ. 3. ʗʯʝʡʢʠ ɺʦʨʦʥʦʛʦ ʜʣʷ ʙʘʟʦʚʳʭ ʫʟʣʦʚ ʩ ʥʦʤʝʨʘʤʠ 13 ʘ) ʠ 2012 ʙ), ʠʤʝʶʱʠʝ 

ʬʦʨʤʫ ʤʥʦʛʦʛʨʘʥʥʠʢʘ 

 

ʆʙʦʟʥʘʯʠʤ ʙʘʟʦʚʳʡ ʫʟʝʣ ʯʝʨʝʟ 0P , ʘ ʷʯʝʡʢʫ ɺʦʨʦʥʦʛʦ ʯʝʨʝʟ *

0PK . ɺʝʨʰʠʥʳ 

ʷʯʝʡʢʠ ɺʦʨʦʥʦʛʦ *

0PK  ʦʙʦʟʥʘʯʠʤ ʙʫʢʚʘʤʠ Qi, ʢʦʪʦʨʳʝ ʷʚʣʷʶʪʩʷ ʮʝʥʪʨʘʤʠ ʩʬʝʨ, 

ʦʧʠʩʘʥʥʳʭ ʦʢʦʣʦ ʪʝʪʨʘʵʜʨʦʚ, ʠʤʝʶʱʠʭ ʚ ʢʘʯʝʩʪʚʝ ʚʝʨʰʠʥʳ ʪʦʯʢʫ 0P . 

ɺ ʢʘʯʝʩʪʚʝ ʧʨʠʙʣʠʞʝʥʥʦʛʦ ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ (1)-(3) ʙʫʜʝʤ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʫʩʦʯʥʦ-

ʣʠʥʝʡʥʫʶ ʬʫʥʢʮʠʶ ),,( zyxuh , ʢʦʪʦʨʘʷ ʜʦʣʞʥʘ ʙʳʪʴ ʥʝʧʨʝʨʳʚʥʦʡ ʚ ʦʙʣʘʩʪʠ W ʠ 

ʣʠʥʝʡʥʦʡ ʥʘ ʢʘʞʜʦʤ ʪʝʪʨʘʵʜʨʝ hTKÍ . ʊʘʢʠʝ ʬʫʥʢʮʠʠ ʥʘʟʳʚʘʶʪʩʷ ʣʠʥʝʡʥʳʤʠ 

ʩʧʣʘʡʥʘʤʠ. ʅʘ ʤʥʦʞʝʩʪʚʝ ʪʝʪʨʘʵʜʨʦʚ hT  ʬʫʥʢʮʠʶ ),,( zyxuh  ʤʦʞʥʦ ʟʘʜʘʪʴ ʩʣʝʜʫʶʱʠʤ 

ʦʙʨʘʟʦʤ. 
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ʈʠʩ 4. ʊʝʪʨʘʵʜʨ 4321 PPPPK =  

 

ʇʫʩʪʴ ʪʝʪʨʘʵʜʨ 4321 PPPPK =  (ʨʠʩ. 4) ʷʚʣʷʝʪʩʷ ʥʝʢʦʪʦʨʳʤ ʵʣʝʤʝʥʪʦʤ ʤʥʦʞʝʩʪʚʘ 

hT  ʠ ),,( zyxP  ï ʧʨʦʠʟʚʦʣʴʥʘʷ ʪʦʯʢʘ ʵʪʦʛʦ ʵʣʝʤʝʥʪʘ. ɺ ʵʪʦʤ ʪʨʝʫʛʦʣʴʥʠʢʝ ʜʣʷ ʢʘʞʜʦʡ 

ʚʝʨʰʠʥʳ ʚʚʦʜʷʪʩʷ ʬʫʥʢʮʠʠ ʬʦʨʤʳ 4,1),,( =iyxNi , ʢʦʪʦʨʳʝ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʫʩʣʦʚʠʷʤ: 

ʬʫʥʢʮʠʠ ʬʦʨʤʳ ʷʚʣʷʶʪʩʷ ʣʠʥʝʡʥʳʤʠ ʠ ʚ ʚʝʨʰʠʥʘʭ ʪʝʪʨʘʵʜʨʘ ʧʨʠʥʠʤʘʶʪ ʟʥʘʯʝʥʠʷ 1 

ʠʣʠ 0: 
í
ì
ë

¸

=
=

ki

ki
PN ki

,0

,1
)( . ʌʫʥʢʮʠʠ ʬʦʨʤʳ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʠ ʚ ʷʚʥʦʤ ʚʠʜʝ ʯʝʨʝʟ 

ʢʦʦʨʜʠʥʘʪʳ ʚʝʨʰʠʥ ʪʨʝʫʛʦʣʴʥʠʢʘ: 

 

 
iiiii wzwywxwzyxN ,4,3,2,1),,( +++= . (4) 

 

ɿʜʝʩʴ iw ,1
, iw ,2

, iw ,3
 ʠ iw ,4

 ʷʚʣʷʶʪʩʷ ʢʦʤʧʦʥʝʥʪʘʤʠ ʚʝʢʪʦʨʦʚ 4,1, =iwi .   ɼʣʷ 

ʦʧʨʝʜʝʣʝʥʠʷ ʚʝʢʪʦʨʦʚ 
iw  ʥʫʞʥʦ ʨʝʰʠʪʴ 4 ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ 4,1, == ifwA ii . 

ʂʦʵʬʬʠʮʠʝʥʪʳ ʤʘʪʨʠʮʳ A ʬʦʨʤʠʨʫʶʪʩʷ ʠʟ ʢʦʦʨʜʠʥʘʪ ʚʝʨʰʠʥ 4,1),,,( == izyxPP iiiii  

ʪʝʪʨʘʵʜʨʘ  

 

 

ö
ö
ö
ö
ö

÷

õ

æ
æ
æ
æ
æ

ç

å

=

1

1

1

1

444

333

222

111

zyx

zyx

zyx

zyx

A  ʠ 
í
ì
ë

¸

=
==

ki

ki
ffffff ikiiiii

,0

,1
),,,,( ,,4,3,2,1 . 

 

ʀʩʧʦʣʴʟʫʷ ʬʫʥʢʮʠʠ ʬʦʨʤʳ, ʜʣʷ ʢʘʞʜʦʛʦ ʫʟʣʘ (ʚʥʫʪʨʝʥʥʝʛʦ ʠ ʛʨʘʥʠʯʥʦʛʦ) ʩʝʪʢʠ 

ʚʚʝʜʝʤ ʙʘʟʠʩʥʫʶ ʬʫʥʢʮʠʶ ),,( zyxij , i = 1, 2, é, n, n+1, é, n1, ʛʜʝ ʯʝʨʝʟ n ʠ n1 

ʦʙʦʟʥʘʯʝʥʳ ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ ʯʠʩʣʦ ʚʥʫʪʨʝʥʥʠʭ ʠ ʚʩʝʭ ʫʟʣʦʚ ʩʝʪʢʠ. ʌʫʥʢʮʠʷ ),,( zyxij  

ʷʚʣʷʝʪʩʷ ʢʫʩʦʯʥʦ-ʣʠʥʝʡʥʦʡ, ʪ.ʝ. ʥʝʧʨʝʨʳʚʥʦʡ ʠ ʣʠʥʝʡʥʦʡ ʥʘ ʢʘʞʜʦʤ ʪʝʪʨʘʵʜʨʝ ʩʦ 

ʟʥʘʯʝʥʠʝʤ, ʨʘʚʥʳʤ ʝʜʠʥʠʮʝ ʚ ʫʟʣʝ 
iP  ʠ ʨʘʚʥʳʤ ʥʫʣʶ ʚʦ ʚʩʝʭ ʦʩʪʘʣʴʥʳʭ ʫʟʣʘʭ. ʊʦʛʜʘ 

ʧʨʠʙʣʠʞʝʥʥʦʝ ʨʝʰʝʥʠʝ ),,( zyxuh  ʤʦʞʝʪ ʙʳʪʴ ʧʨʝʜʩʪʘʚʣʝʥʦ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ 

ʢʦʤʙʠʥʘʮʠʠ ʙʘʟʠʩʥʳʭ ʬʫʥʢʮʠʡ 

 

 ä
=

j=
1

1

),,(),,(
n

i

iih zyxuzyxu . (5) 
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ʅʝʪʨʫʜʥʦ ʧʨʦʚʝʨʠʪʴ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ui ʚ (4) ʨʘʚʥʳ ʠʩʢʦʤʳʤ ʟʥʘʯʝʥʠʷʤ 

ʧʦʪʝʥʮʠʘʣʘ ʚ ʫʟʣʝ ),,( iiii zyxP : 
iiiih uzyxu =),,( . 

ɿʜʝʩʴ ʩʣʝʜʫʝʪ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʧʨʠ ʨʝʰʝʥʠʠ ʟʘʜʘʯʠ (1)-(3) ʤʝʪʦʜʦʤ ʢʦʥʝʯʥʳʭ 

ʵʣʝʤʝʥʪʦʚ ʧʨʠʤʝʥʷʝʪʩʷ ʤʝʪʦʜ ɻʘʣʝʨʢʠʥʘ, ʢʦʪʦʨʳʡ ʩʦʩʪʦʠʪ ʚ ʩʣʝʜʫʶʱʝʤ. ʇʦʜʩʪʘʚʠʤ 

(5) ʚ ʫʨʘʚʥʝʥʠʝ (1) ʠ ʟʘʧʠʰʝʤ ʫʩʣʦʚʠʝ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʠ ʧʦʣʫʯʝʥʥʦʛʦ ʚʳʨʘʞʝʥʠʷ ʢ 

ʙʘʟʠʩʥʳʤ ʬʫʥʢʮʠʷʤ ),,( zyxkj  ʜʣʷ ʚʥʫʪʨʝʥʥʠʭ ʫʟʣʦʚ ʩʝʪʢʠ 

 

 nkdVdVu kkha ,1,)grad(div =sj-=je ññ
WW

; (6) 

 

 k

n

i

ikik

n

i

iia udVu b=a=jje äñ ä
=W =

~
)grad(div

11

11

; (7) 

 

 dVdVdV kiakiakikk jje-=jje=asj-=b ñññ
WWW

gradgrad)grad(div;
~

. 

 

ʊʘʢ ʢʘʢ ʚ ʛʨʘʥʠʯʥʳʭ ʫʟʣʘʭ ʟʥʘʯʝʥʠʷ ʨʝʰʝʥʠʷ ʠʟʚʝʩʪʥʳ, ʩʠʩʪʝʤʘ (7) ʧʨʠʥʠʤʘʝʪ 

ʚʠʜ 

 

 k

n

i

ikiu b=aä
=1

, nk
n

ni

ikikk ,1,
~ 1

1

=ma-b=b ä
+=

. (8) 

 

ɺ ʦʪʣʠʯʠʝ ʦʪ ʤʝʪʦʜʘ ʢʦʥʝʯʥʳʭ ʵʣʝʤʝʥʪʦʚ ʚ ʤʝʪʦʜʝ ʢʦʥʝʯʥʳʭ ʦʙʲʝʤʦʚ 

ʧʨʠʤʝʥʷʝʪʩʷ ʦʙʦʙʱʝʥʥʳʡ ʧʦʜʭʦʜ ɻʘʣʝʨʢʠʥʘ, ʢʦʪʦʨʳʡ ʟʘʢʣʶʯʘʝʪʩʷ ʚ ʪʦʤ, ʯʪʦ ʚ 

ʫʩʣʦʚʠʷʭ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʠ (6) ʠʩʧʦʣʴʟʫʶʪʩʷ ʙʘʟʠʩʥʳʝ ʬʫʥʢʮʠʠ ),,( zyxky  

ʧʨʦʩʪʨʘʥʩʪʚʘ )()( 2
0
2 W=W LW , ʦʧʨʝʜʝʣʷʝʤʦʛʦ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. ɺʚʝʜʝʤ ʥʦʚʳʝ 

ʙʘʟʠʩʥʳʝ ʬʫʥʢʮʠʠ ),,( zyxky  ʜʣʷ ʜʫʘʣʴʥʦʡ ʩʝʪʢʠ *
hT  ʧʦ ʧʨʘʚʠʣʫ: ʬʫʥʢʮʠʷ ),,( zyxky  

ʧʨʠʥʠʤʘʝʪ ʧʦʩʪʦʷʥʥʳʝ ʟʥʘʯʝʥʠʷ ʨʘʚʥʳʝ ʝʜʠʥʠʮʝ ʚ ʷʯʝʡʢʝ ɺʦʨʦʥʦʛʦ ʜʣʷ ʚʥʫʪʨʝʥʥʝʛʦ 

ʫʟʣʘ 
kP  ʠ ʨʘʚʥʘ ʥʫʣʶ ʚ ʦʩʪʘʣʴʥʦʡ ʦʙʣʘʩʪʠ, ʪ.ʝ. ʬʫʥʢʮʠʠ ʠʤʝʶʪ ʚʠʜ ʢʫʩʦʯʥʦ-

ʧʦʩʪʦʷʥʥʦʡ ʬʫʥʢʮʠʠ. ʊʦʛʜʘ ʫʩʣʦʚʠʝ ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʠ (6) ʩ ʬʫʥʢʮʠʷʤʠ ),,( zyxky  

ʧʨʠʥʠʤʘʝʪ ʚʠʜ 

 

 nkdVdVu kkha ,1,)grad(div =sy-=ye ññ
WW

 (9) 

 

ʠʣʠ ʚ ʩʠʣʫ ʪʦʛʦ, ʯʪʦ ʬʫʥʢʮʠʷ ),,( zyxky  ʦʪʣʠʯʥʘ ʦʪ ʥʫʣʷ ʪʦʣʴʢʦ ʚ ʷʯʝʡʢʝ ɺʦʨʦʥʦʛʦ 
*

kPK  

 

 ññ s-=e
**

)grad(div

kPkP KK

ha dVdVu , (10) 

 

ʛʜʝ 
*

kPK  ï ʷʯʝʡʢʘ ɺʦʨʦʥʦʛʦ ʜʣʷ ʫʟʣʘ 
kP . 

ʇʦʵʪʦʤʫ ʜʣʷ ʧʦʣʫʯʝʥʠʷ ʩʠʩʪʝʤʳ ʣʠʥʝʡʥʳʭ ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʜʣʷ 

ʥʝʠʟʚʝʩʪʥʳʭ ʟʥʘʯʝʥʠʡ ʬʫʥʢʮʠʠ 
hu  ʚ ʫʟʣʘʭ ʩʝʪʢʠ ʧʦ ʤʝʪʦʜʫ ʢʦʥʝʯʥʳʭ ʦʙʲʝʤʦʚ ʤʦʞʥʦ 
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ʧʦʩʪʫʧʠʪʴ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ. ʈʘʩʩʤʦʪʨʠʤ ʚ ʪʨʝʭʤʝʨʥʦʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʩ ʜʝʢʘʨʪʦʚʳʤʠ 

ʢʦʦʨʜʠʥʘʪʘʤʠ Oxyz ʫʨʘʚʥʝʥʠʝ ʇʫʘʩʩʦʥʘ ),,()grad(div zyxua s-=e  ʠ ʧʨʦʠʥʪʝʛʨʠʨʫʝʤ 

ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʧʦ ʦʙʲʝʤʫ ʷʯʝʡʢʠ 
*

kPK . 

ʊʦʛʜʘ ʧʦʣʫʯʠʤ ʬʦʨʤʫʣʫ, ʩʦʚʧʘʜʘʶʱʫʶ ʩ (10) 
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ʂ ʣʝʚʦʡ ʯʘʩʪʠ (11) ʧʨʠʤʝʥʠʤ ʪʝʦʨʝʤʫ ʦ ʜʠʚʝʨʛʝʥʮʠʠ 
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ʛʜʝ 
*

kPKµ  ï ʧʦʣʥʘʷ ʧʦʚʝʨʭʥʦʩʪʴ ʤʥʦʛʦʛʨʘʥʥʠʢʘ 
*

kPK ; n  ï ʚʥʝʰʥʷʷ ʥʦʨʤʘʣʴ ʢ 

ʧʦʚʝʨʭʥʦʩʪʠ 
*

kPKµ , ʘ nu µµ /  ï ʧʨʦʠʟʚʦʜʥʘʷ ʦʪ ʬʫʥʢʮʠʠ u ʧʦ ʵʪʦʡ ʥʦʨʤʘʣʠ. ɺ ʵʪʦʤ 

ʩʣʫʯʘʝ ʫʨʘʚʥʝʥʠʝ (11) ʧʨʠʥʠʤʘʝʪ ʚʠʜ 

 

 ññ s-=
µ

µ
e

µ **

),,(

kPkP KK

a dVzyxdS
n

u
. (13) 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʨʝʰʝʥʠʝ ʟʘʜʘʯʠ (1)-(3) ʧʦ ʤʝʪʦʜʫ ʢʦʥʝʯʥʳʭ ʦʙʲʝʤʦʚ ʩʚʦʜʠʪʩʷ ʢ 

ʘʧʧʨʦʢʩʠʤʘʮʠʠ ʩʦʦʪʥʦʰʝʥʠʷ (13) ʜʣʷ ʷʯʝʝʢ ɺʦʨʦʥʦʛʦ ʚʥʫʪʨʝʥʥʠʭ ʫʟʣʦʚ ʨʘʟʥʦʩʪʥʦʡ 

ʩʝʪʢʠ. ɸʥʘʣʦʛʠʯʥʘʷ ʧʨʦʮʝʜʫʨʘ ʧʨʠʩʫʱʘ ʠ ʤʝʪʦʜʫ ʢʦʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ ʜʣʷ ʩʝʪʢʠ ʩ 

ʷʯʝʡʢʘʤʠ ʚ ʬʦʨʤʝ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʦʚ, ʧʦʵʪʦʤʫ ʤʝʪʦʜ ʢʦʥʝʯʥʳʭ ʦʙʲʝʤʦʚ ʤʦʞʝʪ 

ʨʘʩʩʤʘʪʨʠʚʘʪʴʩʷ ʢʘʢ ʦʙʦʙʱʝʥʠʝ ʤʝʪʦʜʘ ʢʦʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ ʜʣʷ ʧʦʙʣʦʯʥʦʡ 

ʜʠʩʢʨʝʪʠʟʘʮʠʠ ʩ ʷʯʝʡʢʘʤʠ ʧʨʦʠʟʚʦʣʴʥʦʡ ʬʦʨʤʳ. ʇʦ ʵʪʦʡ ʧʨʠʯʠʥʝ ʤʝʪʦʜ ʢʦʥʝʯʥʳʭ 

ʦʙʲʝʤʦʚ ʩʦʭʨʘʥʷʝʪ ʚʩʝ ʧʨʝʠʤʫʱʝʩʪʚʘ ʤʝʪʦʜʘ ʢʦʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ, ʘ ʧʦ ʩʨʘʚʥʝʥʠʶ ʩ 

ʤʝʪʦʜʦʤ ʢʦʥʝʯʥʳʭ ʵʣʝʤʝʥʪʦʚ ʙʦʣʝʝ ʧʨʦʩʪʳʤ ʦʢʘʟʳʚʘʝʪʩʷ ʩʘʤ ʘʣʛʦʨʠʪʤ ʧʦʩʪʨʦʝʥʠʷ 

ʢʦʥʝʯʥʦ-ʨʘʟʥʦʩʪʥʳʭ ʩʦʦʪʥʦʰʝʥʠʡ ʠ ʦʪʧʘʜʘʝʪ ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʚ ʧʦʩʪʨʦʝʥʠʠ ʣʦʢʘʣʴʥʦʡ ʠ 

ʛʣʦʙʘʣʴʥʦʡ ʤʘʪʨʠʮ ʞʝʩʪʢʦʩʪʠ ʜʣʷ ʬʦʨʤʠʨʦʚʘʥʠʷ ʨʘʟʨʝʰʘʶʱʝʡ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ 

ʪʠʧʘ (8). 

ʇʫʩʪʴ ʚ ʷʯʝʡʢʝ ɺʦʨʦʥʦʛʦ *

0PK  (ʨʠʩ. 3) ʜʣʷ ʙʘʟʦʚʦʛʦ ʫʟʣʘ 
0P  ʙʫʢʚʘʤʠ 8,0, =iPi  

ʦʙʦʟʥʘʯʝʥʳ ʫʟʣʳ ʩʝʪʢʠ; 12,1, =iSi  ï ʧʣʦʱʘʜʠ ʛʨʘʥʝʡ, ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʦʪʨʝʟʢʘʤ iPP0 ; 

12,1, =iM i  ï ʪʦʯʢʠ ʧʝʨʝʩʝʯʝʥʠʷ ʦʪʨʝʟʢʘ iPP0  ʩ ʛʨʘʥʴʶ 
iS. ʊʦʛʜʘ ʠʥʪʝʛʨʘʣ ʧʦ 

ʧʦʚʝʨʭʥʦʩʪʠ *

0PKµ  ʠʟ ʬʦʨʤʫʣʳ (13) ʘʧʧʨʦʢʩʠʤʠʨʫʝʤ ʩʣʝʜʫʶʱʠʤ ʦʙʨʘʟʦʤ: 
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ʛʜʝ iPP0  ï ʜʣʠʥʘ ʦʪʨʝʟʢʘ iPP0 . 

ʀʥʪʝʛʨʘʣ ʚ ʧʨʘʚʦʡ ʯʘʩʪʠ (12) ʘʧʧʨʦʢʩʠʤʠʨʫʝʤ ʧʦ ʬʦʨʤʫʣʝ 
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VPdVyx

PK

s=sñ , 

 

ʛʜʝ V0 ï ʦʙʲʝʤ ʷʯʝʡʢʠ ɺʦʨʦʥʦʛʦ *

0PK . ʊʦʛʜʘ ʘʧʧʨʦʢʩʠʤʘʮʠʶ ʫʨʘʚʥʝʥʠʷ (13) ʤʦʞʥʦ 

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ 
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ɺ ʦʢʦʥʯʘʪʝʣʴʥʦʤ ʚʠʜʝ ʫʨʘʚʥʝʥʠʝ ʜʣʷ ʫʟʣʘ 0P  ʚr ʛʣʷʜʠʪ ʪʘʢ 

 

 
00

12

1

00 )()()( VPPuPu
i

ii s-=a+a ä
=

; (14) 

 

 ä
=

a-=a=e=a
12

1

0

0

;12,1,)(
i

i

i

i

iai i
PP

S
M . 

 

ɼʣʷ ʢʘʞʜʦʛʦ ʚʥʫʪʨʝʥʥʝʛʦ ʫʟʣʘ ʩʝʪʢʠ ʟʘʧʠʰʝʤ ʫʨʘʚʥʝʥʠʝ ʚʠʜʘ (14), ʘ ʜʣʷ 

ʛʨʘʥʠʯʥʳʭ ʫʟʣʦʚ, ʚ ʢʦʪʦʨʳʭ ʟʘʜʘʥʦ ʟʥʘʯʝʥʠʝ ʧʦʪʝʥʮʠʘʣʘ, ʠʩʧʦʣʴʟʫʝʪʩʷ ʫʩʣʦʚʠʝ (2). 

ɻʨʘʥʠʯʥʳʝ ʫʟʣʳ, ʚ ʢʦʪʦʨʳʭ ʟʘʜʘʥʦ ʫʩʣʦʚʠʝ ʩʠʤʤʝʪʨʠʠ, ʥʝ ʚʢʣʶʯʘʶʪʩʷ ʚ ʩʠʩʪʝʤʫ 

ʫʨʘʚʥʝʥʠʡ (14) ʠ ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʟʥʘʯʝʥʠʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ 
ia ʠʩʢʣʶʯʘʶʪʩʷ ʠʟ 

ʤʘʪʨʠʮʳ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ (14). ɺ ʨʝʟʫʣʴʪʘʪʝ ʧʦʣʫʯʘʝʤ ʩʠʩʪʝʤʫ ʣʠʥʝʡʥʳʭ 

ʘʣʛʝʙʨʘʠʯʝʩʢʠʭ ʫʨʘʚʥʝʥʠʡ ʩ ʩʠʤʤʝʪʨʠʯʥʦʡ ʤʘʪʨʠʮʝʡ. ʉʣʝʜʫʝʪ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʧʨʠ 

ʨʝʰʝʥʠʠ ʧʨʠʢʣʘʜʥʳʭ ʟʘʜʘʯ ʯʠʩʣʦ ʫʨʘʚʥʝʥʠʡ ʩʠʩʪʝʤʳ ʠʩʯʠʩʣʷʝʪʩʷ ʪʳʩʷʯʘʤʠ ʠʣʠ 

ʜʝʩʷʪʢʘʤʠ, ʩʦʪʥʷʤʠ ʪʳʩʷʯ. ʆʜʥʘʢʦ ʧʦʩʢʦʣʴʢʫ ʢʘʞʜʦʝ ʫʨʘʚʥʝʥʠʝ ʪʠʧʘ (13) ʩʦʜʝʨʞʠʪ 

ʚʩʝʛʦ ʥʝʩʢʦʣʴʢʦ ʥʝʥʫʣʝʚʳʭ ʵʣʝʤʝʥʪʦʚ (ʦʙʳʯʥʦ ʦʪ 9 ʜʦ 25), ʪʦ ʠʪʦʛʦʚʘʷ ʤʘʪʨʠʮʘ 

ʧʦʣʫʯʘʝʪʩʷ ʜʦʩʪʘʪʦʯʥʦ ʨʘʟʨʷʞʝʥʥʦʡ. ɺ ʨʝʘʣʠʟʦʚʘʥʥʦʤ ʘʣʛʦʨʠʪʤʝ ʚ ʧʘʤʷʪʠ ʢʦʤʧʴʶʪʝʨʘ 

ʭʨʘʥʷʪʩʷ ʪʦʣʴʢʦ ʥʝʥʫʣʝʚʳʝ ʟʥʘʯʝʥʠʷ ʵʣʝʤʝʥʪʦʚ ʤʘʪʨʠʮʳ. ɼʣʷ ʨʝʰʝʥʠʷ ʧʦʩʪʨʦʝʥʥʦʡ 

ʩʠʩʪʝʤʳ ʠʩʧʦʣʴʟʫʝʪʩʷ ʠʪʝʨʘʮʠʦʥʥʳʡ ʤʝʪʦʜ ʩʦʧʨʷʞʝʥʥʳʭ ʛʨʘʜʠʝʥʪʦʚ, ʢʦʪʦʨʳʡ ʜʣʷ 

ʟʘʜʘʯ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʪʠʧʘ ʩʭʦʜʠʪʩʷ ʦʯʝʥʴ ʙʳʩʪʨʦ. 

ʇʦʣʫʯʝʥʥʦʝ ʚ ʦʙʣʘʩʪʠ W ʨʝʰʝʥʠʝ ),,( zyxuh
 ʧʦʟʚʦʣʷʝʪ ʧʦʩʪʨʦʠʪʴ ʧʦʣʝ ʧʦʪʦʢʘ 

ʚʝʢʪʦʨʘ ʥʘʧʨʷʞʝʥʥʦʩʪʠ uEEEE zyx grad),,( -==
C

. ʆʙʦʟʥʘʯʠʤ ʯʝʨʝʟ v ʧʦʪʦʢ ʚʝʢʪʦʨʘ 

E
C
, ʧʨʦʭʦʜʷʱʠʡ ʯʝʨʝʟ ʧʣʦʱʘʜʢʫ ʝʜʠʥʠʯʥʦʡ ʧʣʦʱʘʜʠ, ʦʨʪʦʛʦʥʘʣʴʥʦʡ ʚʝʢʪʦʨʫ E

C
. ʊʦʛʜʘ 

ʠʟʦʣʠʥʠʠ const),,( =zyxu ʠ const),,( =zyxv  ʦʙʨʘʟʫʶʪ ʚʟʘʠʤʥʦ ʦʨʪʦʛʦʥʘʣʴʥʳʝ 

ʩʝʤʝʡʩʪʚʘ. ʌʫʥʢʮʠʷ ),,( zyxv  ʤʦʞʝʪ ʙʳʪʴ ʧʦʣʫʯʝʥʘ ʧʫʪʝʤ ʚʳʯʠʩʣʝʥʠʷ ʩʣʝʜʫʶʱʝʛʦ 

ʢʦʥʪʫʨʥʦʛʦ ʠʥʪʝʛʨʘʣʘ  

 

 ( )ñ ++=

),,(

),,( 000

),(

zyx

zyx

zyx dzEdyEdxEyxv , (15) 

 

ʛʜʝ 000 ,, zyx  ï ʢʦʦʨʜʠʥʘʪʳ ʧʨʦʠʟʚʦʣʴʥʦʡ ʬʠʢʩʠʨʦʚʘʥʥʦʡ ʪʦʯʢʠ ʠʟ ʦʙʣʘʩʪʠ W, ʘ ʧʫʪʴ 

ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʨʘʩʧʦʣʦʞʝʥ ʚʥʫʪʨʠ ʥʝʝ. ɺ ʩʣʫʯʘʝ ʤʥʦʛʦʩʚʷʟʥʦʡ ʦʙʣʘʩʪʠ ʧʫʪʴ 
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ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʪʘʢʞʝ ʥʝ ʜʦʣʞʝʥ ʧʝʨʝʩʝʢʘʪʴ ʨʘʟʨʝʟʳ ʦʙʣʘʩʪʠ, ʩʚʦʜʷʱʝʡ ʝʝ ʢ 

ʦʜʥʦʩʚʷʟʥʦʡ ʩʪʨʫʢʪʫʨʝ. 

ɽʤʢʦʩʪʴ C ʤʝʞʜʫ ʜʚʫʤʷ ʧʨʦʚʦʜʷʱʠʤʠ ʪʝʣʘʤʠ ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʬʦʨʤʫʣʝ 

 

 
21 uu

q
C

-
= , (16) 

 

ʛʜʝ )( 21 uu -  ï ʨʘʟʥʦʩʪʴ ʧʦʪʝʥʮʠʘʣʦʚ ʵʪʠʭ ʪʝʣ. ɿʘʨʷʜ q ʪʝʣʘ, ʨʘʩʧʦʣʦʞʝʥʥʦʛʦ ʚʥʫʪʨʠ 

ʥʝʢʦʪʦʨʦʡ ʪʨʝʭʤʝʨʥʦʡ ʦʙʣʘʩʪʠ V, ʚʳʯʠʩʣʷʝʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʪʝʦʨʝʤʦʡ ɻʘʫʩʩʘ ʢʘʢ 

ʠʥʪʝʛʨʘʣ ʧʦ ʧʦʚʝʨʭʥʦʩʪʠ VS µ=  ʦʪ ʚʝʢʪʦʨʘ ʥʘʧʨʷʞʝʥʥʦʩʪʠ E
C
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ɿʜʝʩʴ S ï ʧʨʦʠʟʚʦʣʴʥʘʷ ʧʦʚʝʨʭʥʦʩʪʴ, ʩʦʜʝʨʞʘʱʘʷ ʚ ʩʝʙʝ ʟʘʨʷʞʝʥʥʦʝ ʪʝʣʦ; n
C

 ï ʚʝʢʪʦʨ 

ʚʥʝʰʥʝʡ ʥʦʨʤʘʣʠ ʢ ʥʝʡ; e ï ʜʠʵʣʝʢʪʨʠʯʝʩʢʘʷ ʧʨʦʥʠʮʘʝʤʦʩʪʴ. 

 

4. ʇʨʘʢʪʠʯʝʩʢʘʷ ʨʝʘʣʠʟʘʮʠʷ 
ʆʧʠʩʘʥʥʳʡ ʚʳʰʝ ʘʣʛʦʨʠʪʤ ʙʳʣ ʨʝʘʣʠʟʦʚʘʥ ʚ ʚʠʜʝ ʢʦʤʧʣʝʢʩʘ ʧʨʦʛʨʘʤʤ ʚ ʩʨʝʜʝ ʧʨʠʣʦʞʝʥʠʷ 

Matlab. 

 

 
ʈʠʩ. 5. ʆʧʦʨʘ ʣʠʥʠʠ ʵʣʝʢʪʨʦʧʝʨʝʜʘʯʠ 

ʇʦ ʨʘʟʨʘʙʦʪʘʥʥʳʤ ʘʣʛʦʨʠʪʤʫ ʠ ʧʨʦʛʨʘʤʤʝ ʙʳʣʘ ʨʝʰʝʥʘ ʟʘʜʘʯʘ ʦ ʪʨʝʭʤʝʨʥʦʤ ʨʘʩʧʨʝʜʝʣʝʥʠʠ 

ʧʦʪʝʥʮʠʘʣʘ ),,( zyxu  ʚ ʧʘʨʘʣʣʝʣʝʧʠʧʝʜʝ { ],,[:),,( xx LLxzyxP -Í=  }],0[],,0[ zy LzLy ÍÍ  ʩʦ 

ʩʪʦʨʦʥʘʤʠ ʜʣʠʥʦʡ Lx = Lz = 160 ʤ, Ly = 200 ʤ. ʈʘʟʤʝʨʳ ʦʧʦʨʳ ʧʨʝʜʩʪʘʚʣʝʥʳ ʥʘ ʨʠʩ. 5. ʇʨʦʚʦʜʘ 3ɸʉ 

400/51, r0=1,13 cʤ, ʨʘʩʩʪʦʷʥʠʝ ʤʝʞʜʫ ʩʦʩʪʘʚʣʷʶʱʠʤʠ ï 40 ʩʤ, ʨʘʜʠʫʩ ʨʘʩʱʝʧʣʝʥʠʷ ï 17,3 ʩʤ. 

ʕʢʚʠʚʘʣʝʥʪʥʳʡ ʨʘʜʠʫʩ ʨʘʩʱʝʧʣʝʥʥʦʡ ʬʘʟʳ ï 10,05 ʩʤ. 
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ɼʣʷ ʦʧʪʠʤʠʟʘʮʠʠ ʨʘʟʤʝʨʘ ʩʝʪʢʠ ʰʘʛʠ ʩʝʪʢʠ ʚʘʨʴʠʨʦʚʘʣʠʩʴ ʚ ʙʦʣʴʰʠʭ ʧʨʝʜʝʣʘʭ. ʅʘ ʙʦʣʴʰʦʤ 

ʨʘʩʩʪʦʷʥʠʠ ʦʪ ʦʧʦʨʳ ʠ ʧʨʦʚʦʜʘ ʰʘʛ ʨʘʚʥʷʣʩʷ 4 ʤ, ʩ ʧʨʠʙʣʠʞʝʥʠʝʤ ʢ ʧʨʦʚʦʜʫ ʠ ʦʧʦʨʝ ʰʘʛ ʫʤʝʥʴʰʘʣʩʷ ʠ 

ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʧʨʦʚʦʜʘ ʨʘʚʥʷʣʩʷ 0,14 ʤ. ʆʙʱʝʝ ʢʦʣʠʯʝʩʪʚʦ ʫʟʣʦʚ ʩʝʪʢʠ ʨʘʚʥʷʣʦʩʴ 33024. ɼʘʣʝʝ ʦʙʲʝʤ 

ʦʙʣʘʩʪʠ ʙʳʣ ʨʘʟʙʠʪ ʥʘ 1909507 ʪʝʪʨʘʵʜʨʦʚ. 

ʈʝʰʝʥʠʝ ʟʘʜʘʯʠ ʧʨʝʜʩʪʘʚʣʝʥʦ ʥʘ ʨʠʩʫʥʢʘʭ 6. ʅʘ ʨʠʩʫʥʢʝ 6 ʠʟʦʙʨʘʞʝʥʳ ʣʠʥʠʠ ʨʘʚʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ 

(ʩʧʣʦʰʥʳʝ ʣʠʥʠʠ) ʠ ʚʝʢʪʦʨ ʥʘʧʨʷʞʝʥʥʦʩʪʠ (ʩʪʨʝʣʢʠ) ʜʣʷ ʨʘʟʣʠʯʥʳʭ ʩʝʯʝʥʠʡ ʚʝʨʪʠʢʘʣʴʥʳʤʠ 

ʧʣʦʩʢʦʩʪʷʤʠ ʧʨʠ y = 36,23; 1,37; 0,675 ʠ 0 ʤ. ʉʣʝʜʫʝʪ ʦʪʤʝʪʠʪʴ, ʯʪʦ ʨʝʟʫʣʴʪʘʪʳ ʜʣʷ y = 36,23 ʤ ʫʞʝ 

ʧʨʘʢʪʠʯʝʩʢʠ ʥʝ ʦʪʣʠʯʘʶʪʩʷ ʦʪ ʨʝʟʫʣʴʪʘʪʦʚ ʧʨʠ y = 200 ʤ, ʪ.ʝ. ʥʘ ʨʘʩʩʪʦʷʥʠʠ 36,23 ʤ ʦʪ ʦʧʦʨʳ ʝʝ ʚʣʠʷʥʠʝ 

ʥʘ ʨʘʩʧʨʝʜʝʣʝʥʠʝ ʧʦʣʷ ʧʦʪʝʥʮʠʘʣʘ ʥʝ ʦʱʫʱʘʝʪʩʷ. ʄʘʢʩʠʤʘʣʴʥʦʝ ʟʥʘʯʝʥʠʝ ʤʦʜʫʣʷ ʚʝʢʪʦʨʘ 

ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʵʣʝʢʪʨʠʯʝʩʢʦʛʦ ʧʦʣʷ ʜʦʩʪʠʛʘʝʪʩʷ ʧʨʠ y = 0 ʤ ʚ ʦʢʨʝʩʪʥʦʩʪʠ ʠʟʦʣʷʪʦʨʦʚ ʠ ʨʘʚʥʷʝʪʩʷ 264,9 

ʢɺ/ʤ. ʇʨʠ ʫʜʘʣʝʥʠʠ ʦʪ ʦʧʦʨʳ ʟʥʘʯʝʥʠʝ ʫʤʝʥʴʰʘʝʪʩʷ ʠ ʚ ʩʝʯʝʥʠʠ y = 36.23 ʤ ʜʦʩʪʠʛʘʝʪ ʚʝʣʠʯʠʥʳ 193,9 

ʢɺ/ʤ. 

ʇʦ ʧʦʣʫʯʝʥʥʦʤʫ ʨʘʩʧʨʝʜʝʣʝʥʠʶ ʧʦʪʝʥʮʠʘʣʘ ʧʦ ʬʦʨʤʫʣʘʤ (16), (17) ʙʳʣʠ ʧʦʩʯʠʪʘʥʳ ʟʥʘʯʝʥʠʷ 

ʧʦʛʦʥʥʦʡ ʝʤʢʦʩʪʠ ʧʨʦʚʦʜʘ ʜʣʷ ʨʘʟʣʠʯʥʳʭ ʨʘʩʩʪʦʷʥʠʡ ʦʪ ʦʧʦʨʳ. 

 

y =152,4 ʤ : 
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y =0,675 ʤ : 
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y = 36.23 ʤ       y = 1.37 ʤ 
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y = 0.675 ʤ       y = 0 ʤ 

 

ʈʠʩ. 6. ʃʠʥʠʠ ʨʘʚʥʦʛʦ ʧʦʪʝʥʮʠʘʣʘ (ʯʝʨʥʳʝ ʣʠʥʠʠ) ʠ ʚʝʢʪʦʨʘ ʥʘʧʨʷʞʝʥʥʦʩʪʠ (ʩʪʨʝʣʢʠ) ʜʣʷ ʨʘʟʣʠʯʥʳʭ 

ʩʝʯʝʥʠʡ ʧʨʠ y = 36,23; 1,37; 0,675 ʠ 0 ʤ 

ɺʳʚʦʜʳ 

1. ʈʝʰʝʥʘ ʟʘʜʘʯʘ ʨʘʩʯʝʪʘ ʯʠʩʣʝʥʥʳʤ ʤʝʪʦʜʦʤ ʪʨʝʭʤʝʨʥʦʛʦ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʧʦʪʝʥʮʠʘʣʘ 

),,( zyxu  ʠ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʵʣʝʢʪʨʦʩʪʘʪʠʯʝʩʢʦʛʦ ʧʦʣʷ ʚ ʤʥʦʛʦʩʚʷʟʥʦʡ ʦʙʣʘʩʪʠ W, ʚ 

ʢʦʪʦʨʦʡ ʘʙʩʦʣʶʪʥʘʷ ʜʠʵʣʝʢʪʨʠʯʝʩʢʘʷ ʧʨʦʥʠʮʘʝʤʦʩʪʴ  ʧʨʠʥʠʤʘʝʪ ʢʫʩʦʯʥʦ-

ʧʦʩʪʦʷʥʥʦʝ ʟʥʘʯʝʥʠʝ.  

2. ʇʨʝʜʣʦʞʝʥ ʘʣʛʦʨʠʪʤ  ʨʝʰʝʥʠʷ ʟʘʜʘʯʠ ʥʘ ʦʩʥʦʚʝ ʤʝʪʦʜʘ ʢʦʥʝʯʥʳʭ ʦʙʲʝʤʦʚ. ʉ ʮʝʣʴʶ 
ʫʤʝʥʴʰʝʥʠʷ ʦʙʲʝʤʘ ʟʘʧʦʤʠʥʘʝʤʦʡ ʠʥʬʦʨʤʘʮʠʠ ʚ ʨʝʘʣʠʟʦʚʘʥʥʦʤ ʘʣʛʦʨʠʪʤʝ ʚ ʧʘʤʷʪʠ 

ʢʦʤʧʴʶʪʝʨʘ ʭʨʘʥʷʪʩʷ ʪʦʣʴʢʦ ʥʝʥʫʣʝʚʳʝ ʟʥʘʯʝʥʠʷ ʵʣʝʤʝʥʪʦʚ ʤʘʪʨʠʮʳ.  

3. ʄʝʪʦʜ ʢʦʥʝʯʥʳʭ ʦʙʲʝʤʦʚ ʩʦʭʨʘʥʷʝʪ ʚʩʝ ʧʨʝʠʤʫʱʝʩʪʚʘ ʤʝʪʦʜʘ ʢʦʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ, ʘ ʧʦ 
ʩʨʘʚʥʝʥʠʶ ʩ ʤʝʪʦʜʦʤ ʢʦʥʝʯʥʳʭ ʵʣʝʤʝʥʪʦʚ ʙʦʣʝʝ ʧʨʦʩʪʳʤ ʦʢʘʟʳʚʘʝʪʩʷ ʩʘʤ ʘʣʛʦʨʠʪʤ 

ʧʦʩʪʨʦʝʥʠʷ ʢʦʥʝʯʥʦ-ʨʘʟʥʦʩʪʥʳʭ ʩʦʦʪʥʦʰʝʥʠʡ. ʇʨʠ ʵʪʦʤ ʦʪʧʘʜʘʝʪ ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʚ 

ʧʦʩʪʨʦʝʥʠʠ ʣʦʢʘʣʴʥʦʡ ʠ ʛʣʦʙʘʣʴʥʦʡ ʤʘʪʨʠʮ ʞʝʩʪʢʦʩʪʠ ʜʣʷ ʬʦʨʤʠʨʦʚʘʥʠʷ 

ʨʘʟʨʝʰʘʶʱʝʡ ʩʠʩʪʝʤʳ ʫʨʘʚʥʝʥʠʡ ʜʣʷ ʝʤʢʦʩʪʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ. 

4. ɼʣʷ ʨʝʰʝʥʠʷ ʧʦʩʪʨʦʝʥʥʦʡ ʩʠʩʪʝʤʳ ʠʩʧʦʣʴʟʫʝʪʩʷ ʠʪʝʨʘʮʠʦʥʥʳʡ ʤʝʪʦʜ ʩʦʧʨʷʞʝʥʥʳʭ 
ʛʨʘʜʠʝʥʪʦʚ, ʢʦʪʦʨʳʡ ʜʣʷ ʟʘʜʘʯ ʨʘʩʩʤʘʪʨʠʚʘʝʤʦʛʦ ʪʠʧʘ ʩʭʦʜʠʪʩʷ ʦʯʝʥʴ ʙʳʩʪʨʦ. 
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