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Abstract. The aim of this article is to create a conceptual and methodological foundation for a new,
generalized theory of electrical circuits. In the generalized theory, it is assumed that the relation between
voltage and current of inductors and capacitors can be described by derivatives and integrals of arbitrary
order, including fractional ones. Traditional electrical engineering assumes that this relation is defined
by first-order operators and represents a special case of the generalized theory. The necessity of a gen-
eralized theory is caused by a contradiction. On the one hand, there exists a broad class of elements and
circuits whose behaviour is not described by the traditional theory. These include systems with memory
effects, distributed and network structures, electrochemical elements, supercapacitors, and composite
materials. On the other hand, their behaviour does not have a unified theoretical justification within the
framework of classical circuit theory. The article analyses this contradiction and identifies the limita-
tions inherent in the classical approach. A coherent conceptual framework of the generalized circuit
theory is introduced. Methodological requirements are formulated, and a minimal axiomatics is con-
structed to ensure a consistent circuit description of elements with arbitrary temporal dynamics without
revising the fundamental laws of electrical circuits. The scientific novelty of the obtained results lies in
the formation of a conceptual basis for the further development of a generalized theory of electrical
circuits. It is intended to eliminate the theoretical fragmentation and insufficient rigor characteristic of
existing fractional and integral models, while preserving the basic concepts and laws of traditional cir-
cuit theory.
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Rezumat. Scopul prezentului articol este crearea unui fundament conceptual si metodologic pentru o noua teorie
generalizati a circuitelor electrice. In teoria generalizati se presupune ci relatia dintre tensiune si curent in bobine
si condensatoare poate fi descrisa prin derivate si integrale de ordin arbitrar, inclusiv fractionar. Electrotehnica
traditionala presupune ca aceasta relatie este definita prin operatori de ordinul intai si reprezinta un caz particular
al teoriei generalizate. Necesitatea unei teorii generalizate este determinatd de existenta unei contradictii. Pe de o
parte, existd o clasd larga de elemente si circuite al caror comportament nu este descris de teoria traditionala.
Aceasta include sisteme cu efecte de memorie, structuri distribuite si de tip retea, elemente electrochimice,
supercondensatoare si materiale compozite. Pe de alta parte, comportamentul acestora nu are o fundamentare
teoretica unitara in cadrul teoriei clasice a circuitelor. In articol este realizatd analiza acestei contradictii si sunt
identificate limitarile inerente abordarii clasice. Este introdus un aparat conceptual coerent al teoriei generalizate
a circuitelor. Sunt formulate cerinte metodologice si este construitd o axiomaticd minima, care asigura o descriere
coerenta a circuitelor pentru elemente cu dinamica temporala arbitrara, fara revizuirea legilor fundamentale ale
circuitelor electrice. Noutatea stiintificd a rezultatelor obtinute consta in formarea unui bazis conceptual pentru
dezvoltarea ulterioara a unei teorii generalizate a circuitelor electrice. Aceasta este destinata eliminarii fragmentarii
teoretice si a rigorii insuficiente caracteristice modelelor fractionare si integrale existente, pastrand in acelasi timp
conceptele si legile de baza ale teoriei traditionale a circuitelor.

Cuvinte-cheie: elemente electrice generalizate, operatori temporali, derivate de ordin arbitrar, elemente cu
memorie, modele fractionare, ordinul elementului, model operatorial, echivalenta circuitelor, reducerea schemelor,
metodologia electrotehnicii, axiomatica circuitelor, dinamica neintreag, teoria generalizata a circuitelor.
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HexoTopsble acnieKkTbl 0CHOB 0000111eHHOI TeOpUM JIEKTPHUYECKHUX Lieleii: MOHATHS, MeTO0JI0TUsl U
aKCHOMATHKAa
Maesckunii Jl. A., Boiiko A. A., becapa6 A. H., Maesckas E. 1O.
HanmonansHslil yHuBepcuteT «Opnecckas nonutexHuka», Onecca, YkpanHa

Annomayun. llenpto HacTosell CTaTbU SABISETCA CO3JAHME KOHIIENITYalbHOTO U METOIOJIOTMYECKOTo
(yHmameHTa U1 HOBOM, 0000IIEHHON TEOPUH IJIEKTPUUECKHX 1ieneil. B 00001eHHol Teopuy mperoaraercs,
YTO CBA3b MEXKAY HaNpsHKEHHUEM U TOKOM KaTyHIeK M KOHIEHCATOPOB MOXKET OMHCBHIBATHCSA MPOU3BOAHBIMH H
MHTETpAJaMH TPOM3BONBHBIX MOPSAKOB, B TOM 4YHCIE M APOOHBIX. B TpaannuoHHAas 3IEKTPOTEXHUKA
IpeIonaraeT, 4ro 93Ta CBSA3b 3aJaeTCs OINepaTropaMy IEpBOrO MOpsAKa M SBISETCS YAaCTHBIM CIIy4aeM
00001mmenHoH Teopun. HeobxommmocTs 00001mEHHOI Teopun 00yciioBeHa mpoTuBopedreM. C 0JHOH CTOPOHBL,
CYILECTBYET IMIMPOKUH KJIACC 3JIEMEHTOB U LIETIEH, IOBEJEHNE KOTOPBIX HE ONMUCHIBAETCS TPALULMOHHOMN TeOpUeH.
Ot0 cucTeMsbl ¢ dpPeKTaMH MaMATH, PacIpeAeNEHHbIE U CETEBbIE CTPYKTYPBI, SIEKTPOXUMHUIECKUE HIEMEHTHI,
CYNIEpPKOHAEHCATOPbl M KOMIO3UTHBIE Marepuanbl. C Apyroi CTOPOHBI, UX MOBEJCHHE HE HMEET €IUHOro
TEOPETHYECKOr0 0OOCHOBAHMS B paMKaxX KJIACCHYECKOW TEOpHH 1iernel. B craThe BBHINOIHEH aHAIN3 yKa3aHHOTO
NPOTUBOPEUMS U BBISBICHBI OTPAaHUUYEHMs, MPUCYIIHE KIACCUYECKOMY IOAXOAY. BBeaéH coriacoBaHHBIN
NOHATUHHBIA anmnapar 0000mEHHO# Teopun 1emneil. ChopMyIMpOBaHBI METOMOJOIMYECKUe TpeOOBaHHUA U
MOCTPOCHAa MUHUMAaJIbHAsl aKCHOMATHKa, 00eCIeynBaroIe HETPOTHBOPEUNBOE CXEMHOE ONHMCAaHHE AJIEMEHTOB C
MPOU3BOJILHOM BPEMEHHOW JMHAMMKOH 0e3 mepecMoTpa (yHIAaMEHTAJIbHBIX 3aKOHOB AJIEKTPHUYECKUX LeTeH.
Hay4nast HOBHM3HA IMOIYYEHHBIX PE3yJbTATOB 3aKIIOYAaeTCs B (POPMHUPOBAHMM KOHLENTYaJbHOTO Oazmca I
JambHEHIIEeTo co31aHns 0000MEHHOM TeoprH MeKTpudecKux menei. OHa npu3BaHa yCTPAHUTh TEOPETHUCCKYIO
Pa3pO3HEHHOCTh M HEJOCTATOYHYIO CTPOTOCTh, XapaKTEPHBIC IUIS CYIIECTBYIONIMX APOOHBIX M MHTETPAIBHBIX
MoJIeTIel, COXpaHsAs IPH 3TOM 0a30BbIC MMOHATHS M 3aKOHBI TPAAULIMOHHON TEOPHUH LETICH.

Kniwouegvie cnosea: o0000IICHHBIC 3JEKTPUYECKUE 3JIEMEHTHI, BPEMEHHBIC OICPaTOphl, IMPOU3BOIHBIC
MPOU3BOJILHOTO MOPSIIKA, JIEMEHTHI C MaMsThIO, APOOHBIE MOZENH, MOPSIOK IJIEMEHTA, ONepaTopHas MOJEb,
SKBUBAJICHTHOCTh  IleNed, pexyKIHusd CXeM, METOAOJIOTHS  JNEeKTPOTEeXHUKH, aKCHOMaTHKa IleTieH,
HeLeJIOUHCICHHAs TMHAMUKA, 0000IIEHHAsT TEOPH LeTIeH.

INTRODUCTION. THREE CLOUDS ON  The third phenomenon manifests itself in the form
THE HORIZON of memory effects, when the state and response of
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summarising the development of classical '

physics, stated that physics as a science was presence of such memory indicates temporal
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there remained only two small clouds: the these phenomena within theyframework of its
unresolved problem associated with the absence basi P i q wal ws. but
of the ether in the Michelson—Morley experiment, asic equations and conceptual apparatus, bu
and the discrepancy between classical radiation merely reproduces their behaviour by means of
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On the horizon of modern electrical circuit that the_ frequer_lc_y _dep_endence of t_he complex
theory, however, not two but as many as three dielectric permittivity in such media d(_)es not
“clouds” can be observed—three phenomena that porrespond to the model of an Idea.l capacitor and
do not fit within the framework of traditional " characterised by power laws \.N'th non-integer
theory. These phenomena manifest themselves in exponents_[l]. The so-called universal d'eIeCt.”C
circuits with supercapacitors, batteries, and in responseflsfobserveq over dan eﬁtrgnlwely Vx!dﬁ
processes occurring at the “electrode—electrolyte” fahge ot Trequencies and —materials, whic
interface. The first phenomenon is manifested in indicates the  fundamental nature of this
the fact that transient processes in such circuits do phenomenon.

not decay exponentially, but according to a power Similar gffects are also W|dely observed  in
—a ; electrochemical systems. The impedance of
law of the form t~%. The second phenomenon is

closely related to the first and consists in the porous  electrodes, -electrochemical - capacitors,

L . and batteries does not vary with frequency
absence of a characteristic time scale (time roportionally to 1/w, but instead exhibits a more
constant) for transient processes in these devices. prop y ’
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complex power-law dependence of the form
1/w*®. This dependence is not characteristic of an
R-C circuit and is traditionally approximated by
complex artificial models [2]. Detailed studies
show that such behaviour is caused by the
complex geometry of the electrodes, diffusion
processes, non-uniform current distribution, and
interactions at interfacial boundaries [3]. Within
the framework of classical electrical engineering,
such systems are often described using equivalent
circuits, which, however, represent no more than
a convenient approximation and do not fit into a
unified structure of theoretical electrical
engineering.

Another example of non-classical behaviour is
provided by distributed electrical systems, in
particular lossy multiconductor cable lines.
Modern experimental and theoretical studies [4]
show that in such systems, in the low-frequency
and transient regimes, a mode of signal
propagation is realised that is neither purely
wave-like nor strictly quasi-stationary. Instead, a
diffusion—-wave dynamics is observed,
characterised by power-law attenuation and
phase-shift laws that cannot be reproduced by
classical models with integer order.

The results of experimental studies of artificial
electrical structures, such as ladder RC circuits,
are particularly illustrative. It has been shown in
[5] that, as the depth and complexity of such
structures increase, their frequency and time
characteristics approach power-law dependences
with non-integer exponents. At the same time, the
effective behaviour of the entire structure cannot
be accurately reproduced by a finite number of
traditional ideal elements, even if each individual
component of the circuit is fully classical.

The examples presented demonstrate that
deviations from classical models of electrical
elements are not exceptions or purely
mathematical abstractions. On the contrary, such
effects arise systematically in real electrophysical
systems. However, the existing theory of
electrical circuits does not offer a generalised
approach that would allow such elements to be
incorporated into a unified logical and
mathematical framework without violating the
fundamental principles of electrical engineering.

This circumstance indicates the need to
develop a generalised theory of electrical circuits
capable of describing a wider class of relations
between current and voltage than is permitted by
classical models.

The term “generalised theory of electrical
circuits” is used not in the sense of a general
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formulation of classical theory. On the contrary, it
refers to a generalisation of electrical circuit
theory with respect to the order of temporal
dynamics, that is, to an extension of the basic
mathematical apparatus of traditional theory
(differential calculus) allowing non-integer and
arbitrary orders of derivatives and integrals in the
relations between electrical quantities. This
theory should provide a consistent description of
elements arising in complex electrophysical
systems and, at the same time, preserve continuity
with respect to the basic concepts and laws of
classical electrical engineering.

The aim of this article is to develop the
concept of a generalised theory, as well as its
methodology and axiomatics.

CURRENT STATE

Classical electrical circuit theory is based on
the assumption that the relationship between
current and voltage in elements is local in time
and is described by integer-order derivatives or
integrals of the first order. This assumption works
well for idealised resistors, inductors, and
capacitors; however, as shown above, it proves
insufficient for describing a wide class of real
materials and structures. Nevertheless, in the
absence of an alternative theory, numerous
attempts have been made to describe their
behaviour within the framework of classical
theory.

For electrochemical systems and impedance
spectroscopy systems, a constant phase-shift
angle is observed over a wide frequency range [7],
which contradicts classical electrical engineering.
In practice, the circuit behaves as a Constant
Phase Element (CPE), whose response cannot be
described by an equivalent circuit comprising an
ideal resistor and capacitor. In [8], the limiting
(long-term) properties of the CPE are analysed,
and it is demonstrated that an attempt to interpret
the CPE as an “ordinary capacitor with a
correction” encounters fundamental limitations
when considering long times: the question of a
physically meaningful limiting capacitance and
its relation to distributions of time constants
arises. However, [9] shows that the use of the CPE
is often based simply on fitting impedance data to
a preselected equivalent circuit, while the
physical interpretation of the order of the
fractional derivative characterising the temporal
relationship between current and voltage remains
a matter of discussion.
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In [10], another fundamental aspect is
discussed: the charge—voltage relationship for
such an element may be nonlinear and becomes
linear only in the limiting case of an ideal
capacitor. This fact is important, since many
circuit interpretations implicitly assume linearity
of the basic elements. Taken together, works [7—
10] show that even if the practical fitting of an
equivalent circuit to experimental data is
successful, the theoretical justification of such
behaviour remains incomplete and ambiguous.

A number of works are devoted to the
transition from frequency-domain models of such
circuits to time-domain descriptions that make it
possible to analyse transient processes in them. In
[11], a time-domain model is proposed that allows
the behaviour of a battery under various current
regimes to be described by means of a correct
transition from the frequency-domain description
of CPE branches to the time domain. This makes
the model convenient for practical calculations;
however, the order of the fractional derivative
relating current and voltage is still fitted to
experimental data and is not derived from general
principles of electrical circuit construction. In
[12], the problem of correct initialisation (the
specification of initial conditions) when
transferring the CPE to the time domain is
discussed: it turns out that the choice of the
initialisation procedure itself can significantly
affect the modelling result, that is, the “same”
circuit in the frequency domain does not give rise
to a unique canonical time-domain description
without additional conventions. This class of
works demonstrates a high level of engineering
elaboration of the approach, but at the same time
emphasises its descriptive nature: the parameters
and the order of the temporal dependence are
introduced solely to reconcile the model with
experimental data and are not derived from
general principles of interconnection and
transformation of electrical circuits.

Fractional circuit models are also widely used
to describe the behaviour of supercapacitors,
lithium-ion, and lithium-polymer batteries.
Compared with integer-order models, such
models better describe real operating regimes;
however, the order of the fractional temporal
dependence is introduced as a parameter
approximating distributed relaxation and is
almost always limited to the interval from 0 to 1.
Despite the development of physically consistent
formulations for individual types of energy
storage devices, correctness in this case is
likewise achieved through particular assumptions
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rather than within the framework of traditional
electrical circuit theory.

In the field of transmission lines and
distributed structures, “non-classical” effects are
often associated with the fact that losses and
inhomogeneities are distributed along the length
and involve a wide spectrum of time scales. In
[16] and [17], fractional wvariants of the
telegrapher’s equations are considered, which
make it possible to reproduce the power-law
attenuation and phase shifts observed in lossy
lines: replacing ordinary derivatives with
fractional ones indeed vyields a qualitatively
correct picture, but the order is again introduced
as a model parameter. It is significant that in such
works the order of the fractional temporal
dependence is almost always considered within
the interval from 0 to 1, since the aim is to
describe slowed dynamics associated with
memory effects and diffusion processes. Cases in
which the order exceeds unity are, as a rule, either
not considered or are left without an explanation
of how such an order should be interpreted and
preserved in the analysis and transformation of
electrical circuits.

Numerical studies (for example, those focused
on the stability and accuracy of solving fractional
equations) reveal another feature: the very
formulation of the problem requires additional
conventions regarding initial conditions and the
procedures for transitioning between the time and
frequency domains [17]. This once again
demonstrates that, in the absence of a generalised
theoretical foundation, fractional models are
applicable only within the framework of specific
equations and a specific problem formulation.

Another group of works addresses the inverse
problem: rather than modelling real circuits with
fractional equations, it seeks or constructs
electrical structures whose behaviour can be
described by fractional models. However, in this
approach as well, the fractional order is
understood as a means of describing behaviour
lying between resistive, capacitive, and inductive
regimes, and therefore is almost always
considered only within the range from 0 to 1.

In [19], it is shown that certain real capacitor
structures can behave non-ideally and be
described by CPE-type models, and that the
degree of this non-ideality can be varied and
measured. This confirms the physical nature of
the parameter “order of the derivative”; however,
the models considered are still limited to the
particular case of capacitive behaviour and do not
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lead to a general theory of circuits of arbitrary
order.

In a number of recent applied works, models
with non-integer order of the temporal
dependence between current and voltage are
beginning to be used not only to describe material
properties, but also in the analysis of electrical
circuits, for example LCL filters in power
electronics. In [20, 21], it is shown that replacing
classical integer-order models of individual
components with fractional-order models makes
it possible to describe changes in the shape of the
amplitude—phase characteristics of the filter,
including a different slope of the frequency
characteristics and a phase shift in the operating
range. What is essential here is the very fact that
such models are beginning to be used for the
calculation and analysis of circuits, and not only
for fitting experimental data. At the same time,
this fact once again emphasises the need for a
generalised theoretical foundation for the
application of derivatives of arbitrary order in a
generalised theory of electrical circuits. A well-
developed mathematical apparatus of operators of
arbitrary order already exists for such a
generalisation [22, 23, 24, 25]; however, it was
developed mainly with reference to abstract
dynamical systems and has so far not been used
for the description and analysis of electrical
circuits [26].

Thus, an analysis of the current state of the art
shows that existing approaches either attempt to
describe non-classical behaviour of electrical
circuits within the framework of classical theory
by introducing additional parameters and
fractional orders, or use such orders as a
convenient tool for approximating specific
effects. In all the cases considered, the order of the
temporal dependence is introduced as an external
characteristic of the model and is not derived from
general principles of analysis and transformation
of electrical circuits. This indicates the absence of
a methodological and theoretical foundation in
which derivatives of arbitrary order would be
consistent with the basic concepts of electrical
engineering and the general principles of analysis
and transformation of electrical circuits.

In the next chapter, the basic concepts,
methodological requirements, and axiomatic
principles of the generalised theory of electrical
circuits will be formulated.

TERMINOLOGY AND
METHODOLOGY OF THE GENERALISED
THEORY
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The aim of the present chapter is to formulate
the methodological foundations of a generalised
theory of electrical circuits, which extends the
domain of applicability of classical theory without
undermining its basic principles. The discussion
does not concern the replacement or revision of
classical electrical engineering, but rather its
refinement and generalisation in such a way that,
within a unified theoretical framework, a wider
range of elements and operating regimes can be
correctly described than is permitted by the
traditional approach.

Invariants of the theory

The generalised theory of electrical circuits is
constructed as an extension of classical electrical
engineering and therefore preserves all of its
fundamental provisions that do not depend on the
specific form of the temporal relationship
between current and voltage of elements. These
provisions are regarded as invariants and are
accepted without modification.

The physical meaning and units of
measurement of the basic electrical quantities —
current, voltage and charge — as well as their
interrelation through fundamental relations, are
preserved. These quantities remain basic and do
not depend on the chosen element model.

The fundamental laws of electrical circuits,
including Kirchhoff’s laws and the commutation
law, also remain unchanged. These laws are
applicable regardless of the order of the
derivatives used in element models.

The possibility of representing a circuit as a
directed graph is also preserved. For linear
elements, the principle of superposition is
retained. Accordingly, traditional methods of
circuit analysis and transformation remain
admissible, including series and parallel
connection of elements, as well as the concept of
equivalent transformations.

In the generalised theory of electrical circuits,
the concept of instantaneous power as the product
of the voltage and current of an element is fully
preserved. Power remains a basic physical
quantity characterising the exchange of energy
between circuit elements and external sources and
does not depend on the specific form of the
temporal relationship between current and
voltage. The principle of power balance is also
preserved: at any instant in time, the total power
supplied by the sources is equal to the total power
consumed and stored by the circuit elements.

Time-domain and frequency-domain
descriptions of processes in a circuit retain the
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status of equivalent representations of the same
physical system, provided that the correct
conditions for transition between them are
satisfied. The general theory does not abolish
these representations, but specifies the domain of
their applicability.

Thus, classical electrical circuit theory is fully
preserved as a particular case of the generalised
theory. All subsequent generalisations and
extensions of the class of passive element models
pertain not to the laws and basic physical
quantities and concepts, but to the element models
and the rules governing their temporal properties.

Terms and definitions

Basic electrical quantities. Current i(t),
voltage u(t) and charge q(t) are regarded as basic
electrical quantities with classical physical
meaning and dimensions and are used as the main
variables of circuit description.

Electrical circuit element. An electrical circuit
element is the minimal part of a circuit for which
a rule defining the relationship between current
and voltage at its terminals is specified. An
element is defined by its external behaviour and is
considered independently of its internal physical
realisation.

Depending on the nature of the relationship
between current and voltage, elements may be
linear or nonlinear. In what follows, the main
attention is devoted to linear elements.

Generalised element. A generalised element is
defined as an electrical circuit element for which
the relationship between current and voltage is
specified by a temporal operator and is not limited
to first-order integer derivatives. Classical
electrical circuit elements are regarded as special
cases of generalised elements.

Temporal relationship between current and
voltage. The temporal relationship between
current and voltage is understood as the rule that
relates these quantities in time. This relationship
may be local or nonlocal in time. The relationship
is local in time if it is determined by instantaneous
values of the quantities and their derivatives, and
nonlocal if it depends on their prehistory. In
classical electrical circuit theory, the resistor,
inductor and capacitor belong to elements with a
temporally local relationship between current and
voltage, since their behaviour is described by
differential equations of integer order.

Order of an element. The order of an element
is a characteristic of the temporal operator
(derivative or integral) that relates the current and
voltage of the element. In classical electrical
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circuit theory, the order of an element is not
introduced explicitly; however, it is implicitly
fixed through the form of the temporal
relationship between current and voltage. For a
resistor, this relationship does not contain
temporal operators, which corresponds to zero
order. For an inductor, the relationship includes
the first derivative of current with respect to time,
which corresponds to order “+1”. For a capacitor,
the relationship is expressed through the first
derivative of voltage or, equivalently, the integral
of current with respect to time, which corresponds
to order “—1”. Thus, classical theory uses a fixed
and limited set of orders (-1, 0, +1) without
identifying it as an independent characteristic of
an element. In the generalised theory, the order of
an element is introduced explicitly and may take
arbitrary values.

Equivalence and circuit transformation. Two
circuits, or any of their parts, are called equivalent
if, under identical external excitations, they
exhibit identical external behaviour at a specified
set of external terminals. A circuit transformation
is the replacement of one circuit (or its part) by
another circuit while preserving their equivalence.
Reduction is a special case of transformation and
is associated with the elimination of internal
variables, nodes or branches, as a result of which
their number is reduced.

The definitions introduced establish the
conceptual foundation of the generalised theory of
electrical circuits, but by themselves do not
determine which element models and circuit
operations are admissible. For this purpose, it is
necessary to explicitly formulate methodological
requirements that establish the rules for working
with temporal relationships, element orders and
circuit transformations.

Methodology of the generalised theory

In classical electrical circuit theory, element
models and operations on circuits were formed
historically and were largely used as self-evident.
Extending the theory to a more general class of
temporal relationships renders these implicit
conventions insufficient and requires their
explicit formulation. In this connection,
methodological requirements are formulated
below that define the boundaries of admissible
models and transformations and serve as the
conceptual basis for the axiomatic construction of
a generalised theory of electrical circuits.

Preservation of the fundamental laws of
electrical circuits. The general theory does not
modify the basic laws of electrical circuits.
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Kirchhoff’s laws are preserved in unchanged
form, and elements and their models must be
correctly embedded in the standard circuit
description with nodes, branches and loops. This
ensures continuity of the generalised theory with
respect to classical electrical engineering.

Applicability of analysis methods without
additional conditions. Analysis methods based on
circuit topology and rules of element
interconnection are applicable to generalised
circuits without any modifications. These include
nodal and loop methods, rules for formulating
equations according to Kirchhoff’s laws, as well
as the principle of superposition for linear
elements. These methods do not depend on the
specific form of the temporal relationship
between current and voltage.

Applicability of analysis methods with account
taken of the temporal properties of elements.
Methods of traditional theory that use standard
differential equations and the customary
specification of initial conditions are applicable to
generalised circuits, taking into account the
specific features of the temporal relationships of
elements. Such methods include classical
transient analysis, standard application of the
Laplace method, representation of circuits in the
form of state-space models, as well as methods of
stability and oscillation analysis. When
generalised elements are used, these methods
require careful interpretation of temporal
operators and of the conditions for specifying the
initial state.

Explicit operator specification of elements.
The temporal relationship between current and
voltage of an element must be specified explicitly
in operator form, with indication of the order of
the element and its sign. The order of an element
is part of its model and must be unambiguously
defined. The specific analytical realisation of the
temporal operator is not fixed at the
methodological level.

Invariance of the element order. The order of
an element is a characteristic of its model and
must not change as a result of formal operations
of element interconnection. A change in order is
permitted only as a consequence of reduction
associated with the elimination of internal
elements or variables and must be explicitly
indicated and justified.

Explicitness of equivalent replacement of
elements. When several elements are
interconnected, the order of each element and its
sign must be explicitly preserved in the circuit
equations. The order of an element cannot be
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changed or ‘“hidden” as a result of formal
combination of elements.

If the combined behaviour of several elements
is replaced by a single equivalent element, such a
replacement must lead to a new model with an
unambiguously specified order and sign. Such a
replacement is regarded as a change of the
element model and requires explicit indication.

This requirement is necessary in order for
element orders and the results of equivalent
transformations to remain controllable and
unambiguously interpretable.

Correctness of equivalent transformations.
Equivalent circuit transformations are admissible
only if their external behaviour at specified
terminals is preserved. Equivalence is established
with respect to a specific class of excitations and
observed quantities, rather than on the basis of
coincidence of individual element parameters.

The explicitness of equivalent element
replacement shows what happens to the element
model during replacement, while the correctness
of equivalent transformations determines when
such a replacement is admissible at all.

Correctness of transition between the time and
frequency domains. An electrical circuit may be
described both in the time domain and in the
frequency domain. Both descriptions refer to the
same physical system but are applied for different
tasks. When transitioning from one description to
the other, it is necessary to explicitly indicate
under what conditions such a transition is
admissible and what exactly is being compared.

Continuity with classical theory. The general
theory must reproduce classical elements and the
results of traditional electrical circuit theory as
special cases for appropriate choices of element
order. This ensures continuity of the transition
from classical models to generalised ones.

The formulated methodological requirements
are not axioms of the theory and do not contain
statements about the properties of elements and
circuits. They define the framework of admissible
models, operations and interpretations within
which a consistent formal theory can be
constructed. In the next section, on the basis of
these requirements, the axiomatics of the
generalised theory of electrical circuits is
formulated, defining the minimal set of initial
statements used for further analysis and derivation
of consequences.

AXIOMATICS OF THE GENERALISED
THEORY OF ELECTRICAL CIRCUITS
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For the formal construction of a generalised
theory of electrical circuits, a minimal set of
initial statements accepted without proof is fixed.
These statements define the structure of the
objects of the theory and the admissible level of
their description, without  substituting
methodological requirements or repeating the
definitions introduced earlier. The axioms are
formulated in such a way that classical electrical
circuit theory is reproduced as a special case.

Axiom 1. Circuit representability

Any electrical circuit can be represented as a
collection of elements interconnected at nodes
and branches and described by currents and
voltages at the terminals of the elements.

This axiom establishes the circuit-based nature
of the description and introduces the level of
abstraction at which electrical circuits are
considered, independently of the physical
realisation of the elements.

Axiom 2. Fundamental laws of electrical
circuits

For any electrical circuit, the fundamental laws
of electrical engineering hold, expressing charge
conservation at nodes and the potential nature of
the electric field in the quasi-stationary
approximation. These laws are applicable to all
elements and do not depend on the form of the
temporal relationship between current and
voltage.

Axiom 3. External nature of the element
model

The behaviour of an electrical circuit element
within a circuit is fully determined by the
relationship between current and voltage at its
terminals and does not depend on its internal
physical structure, provided that the external
element model is the same.

This axiom formalises the “black box”
principle and separates circuit description from
microscopic models.

Axiom 4. Existence of an operator
relationship of an element

For each electrical circuit element, there exists
an operator relationship between current and
voltage at its terminals that determines its
behaviour in time.

This axiom asserts the very fact of the
existence of a temporal relationship in operator
form, without fixing its analytical realisation.

Axiom 5. Closedness of circuit description

The set of operator relationships of elements
and the fundamental laws forms a closed system
of equations sufficient to describe the behaviour
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of an electrical circuit under given external
excitations.

This axiom guarantees that the circuit
description is self-sufficient and does not require
the introduction of additional relations outside the
framework of the theory.

Axiom 6. Invariance of external behaviour

If two circuits, under identical external
excitations, exhibit identical external behaviour at
a specified set of terminals, then for the purposes
of circuit analysis they are considered equivalent,
regardless of their internal structure.

This axiom defines the object of equivalence
at the level of the theory and serves as a basis for
the analysis and comparison of circuits.

Axiom 7. Invariance of physical quantities

Currents, voltages and powers used in the
circuit description of electrical circuits retain their
physical meaning and interpretation regardless of
the chosen element model and the form of its
temporal relationship.

This axiom establishes continuity of physical
interpretation when extending the class of models
and prevents reinterpretation of basic quantities
when transitioning to generalised elements.

The formulated system of axioms is minimal
and sufficient for constructing a generalised
theory of electrical circuits. Methodological
requirements define the rules for the correct use
of these axioms, whereas specific forms of
temporal operators, issues of reduction and
particular element models are considered at
subsequent stages as consequences or applied
realisations of the theory.

EXAMPLES OF APPLICATION

As noted in the Introduction, a wide class of
experimentally observed effects in
electrochemical systems, interfacial structures,
and distributed electromagnetic systems can be
grouped into three characteristic phenomena that
are not explained by the traditional circuit theory:
the power-law character of transient processes,
the absence of a characteristic time scale, and
pronounced memory effects and temporal
nonlocality.

In this section, each of these phenomena is
analysed in terms of the concepts, methodology,
and axiomatics introduced in the present paper.
This demonstrates that the proposed generalised
theory of electrical circuits is structurally
sufficient and can be applied to describe all three
classes of phenomena within a unified circuit-
based approach.
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Power-law character of transient processes.
In classical lumped-parameter circuits, the time
dependence of currents and voltages (in general
terms,

a(t)) is proportional to an exponential function:

a(t)~et/f,

where 7 — is the time constant characteristic of the
circuit. However, in electrochemical interfaces,
porous  electrodes,  supercapacitors, and
heterogeneous dielectrics, power-law decay of
transient processes is observed:

a®)~th, 0<p < 1.

In the frequency domain, this corresponds to
the universal dielectric response (UDR), in which
the complex impedance obeys a fractional power-
law dependence

Z= O<a<l,

K- (ja))“ ’
as systematised in [1] and confirmed in a large
number of subsequent studies [27, 28].
In the time domain, this is equivalent to the
relation

0,5
’ dto's u(t) (1)

Such a relationship between the current and the
voltage of an element is neither described nor
derived within the traditional theory of electrical
circuits. At the same time, the methodology and
axiomatics formulated in this work directly imply
the possibility of the existence of such an element
(Axiom 4), while the invariance of Kirchhoff’s
laws and the closedness of the circuit-based
description (Axiom 5) guarantee that the
introduction of fractional-order elements does not
violate the fundamental laws of the generalised
theory. Within the developed methodology, the
power-law form of the transient process is a direct
consequence of the chosen operator order of the
element and does not require the introduction of
exotic semi-infinite distributed circuits. Thus, the
phenomenon of power-law decay is described as
a structural property of the element rather than as
a model approximation.

Absence of a characteristic time scale of
transient processes.

For classical RC circuits, a single time
constant T =R-C, is characteristic, which
naturally determines the time scale of a given
transient process and makes it possible to estimate
its duration. However, for elements governed by

i(t) =K
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equation (1) and exhibiting power-law decay in
time, the time constant is absent. Moreover, in
circuits with such elements, the phase shift
between current and voltage, when passing to the
frequency domain, remains practically constant:

s
Q= > a.

Such scale-invariant behaviour is widely
described in the literature on electrochemical
impedance spectroscopy [27-29].

The absence of a characteristic time scale in
the generalised circuit theory follows directly
from the assumption of the admissibility of scale-
invariant  operators  introduced in  the
methodological part of the paper. An element with
a fractional operator order does not contain a
distinguished relaxation time, which is consistent
with the principle of explicit specification of the
operator order of an element and with the
methodological distinction between equivalence
and reduction of circuits formulated in the paper.
Within the axiomatics (Axiom 4-5), the absence
of a time constant is interpreted as a fundamental
property of the element and does not require the
use of complex equivalent circuits. Thus, scale-
invariant behaviour is naturally incorporated into
the generalised theory.

Memory effects and temporal nonlocality.

For many systems with a fractional impedance
response, a dependence of the response on the
entire history of the excitation is characteristic.
Mathematically, this is expressed by hereditary
relations of the form

t
u(t) = f k(t—1)-i()dr
0

where the kernel 4(# has a power-law
character.

Such a relation gives rise to a temporally
nonlocal nature of the voltage evolution. In
contrast to circuits with classical elements, the
voltage at a given instant of time depends on the
history of the voltage evolution prior to that
instant. Within the framework of the classical
theory, this leads to the well-known problem of
specifying initial conditions and to ambiguities in
the transition between time-domain and
frequency-domain  descriptions, which are
discussed in detail in the literature [12, 30].

The axiomatics of the generalised circuit
theory naturally presupposes the presence of such
phenomena. Memory effects and temporal
nonlocality are directly covered by the
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assumption of temporal nonlocality of operators
introduced in the methodological part of the
paper. Within Axiom 4, memory is regarded as an
intrinsic property of an element, defined by the
relation between its voltage and current, rather
than as some externally induced property. At the
same time, the invariance of the description and
of the power balance (Axiom 5) is preserved
regardless of the presence or absence of memory.

In addition, the methodological requirement of
correctness of the transition between time-domain
and frequency-domain descriptions, formulated in
the paper, ensures a consistent treatment of
memory effects and initial conditions, excluding
formal contradictions between spectral and
temporal analyses.

Thus, all three phenomenological “clouds”
indicated in the Introduction receive a direct
interpretation within the framework of the
generalised theory of electrical circuits:
power-law transient processes
correspond to elements with a non-integer
operator order;
the absence of a characteristic time
follows from the scale invariance of operators;
memory effects reflect the temporal
nonlocality of derivatives of arbitrary order.

All these effects are described without
modification of the fundamental laws of electrical
circuits, which confirms the universality and
internal consistency of the axiomatics and
methodology of the proposed theory.

CONCLUSION

In the present work, a conceptual,
methodological, and axiomatic foundation is
established for the construction of a generalised
theory of electrical circuits, aimed at extending
the admissible class of temporal relations between
the current and voltage of elements without
revising the fundamental laws of electrical
engineering. The proposed approach preserves the
physical meaning of basic electrical quantities,
the terminal-based formulation, and the
fundamental laws of circuit theory, while creating
strict formal prerequisites for incorporating
elements with arbitrary, including non-integer,
orders of temporal dynamics into circuit
descriptions.

A Kkey result of the paper is the consistent
introduction of operator-based temporal relations
and the order of an element as independent
characteristics at the level of the general theory.
Unlike existing approaches, where fractional or
integral models are mainly used as
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approximations of experimental data, the order of
temporal dynamics is here treated as a structural
property of an element, subject to explicit
specification and control in circuit analysis and
transformations.  The  specific  analytical
realisation of the temporal operator is deliberately
not fixed, allowing a clear separation between
circuit-structural ~ properties and  particular
mathematical representations.

The formulated methodological requirements
and the minimal system of axioms ensure the
closedness and internal consistency of circuit
descriptions involving elements of arbitrary order.
It is shown that extending the class of admissible
element models does not affect the invariants of
the classical theory—Kirchhoff’s laws, the
terminal-based formulation, the principle of
power balance, and the equivalence of time- and
frequency-domain descriptions under a correct
transition. Thus, the classical theory of electrical
circuits is naturally recovered as a special case of
the generalised theory for appropriate choices of
element order.

It is further demonstrated that the developed
methodology and axiomatics are not purely

formal but encompass a wide class of
experimentally  observed phenomena not
explained by traditional circuit theory. In

particular, the power-law character of transient
processes, the absence of a characteristic time
scale, and memory effects with temporal
nonlocality receive direct and internally
consistent interpretations within the proposed
framework.

Power-law transients are interpreted as a direct
consequence of the operator order of elements,
rather than as artefacts of artificial equivalent
circuits or distributed models. The absence of a
characteristic time constant follows naturally
from the scale invariance of fractional-order
operators, while memory effects and temporal
nonlocality are treated as intrinsic properties
defined by operator relations between current and
voltage, without violating circuit description or
power balance.

Overall, the generalised theory of electrical
circuits does not adapt known phenomena to
predefined models, but provides a unified
conceptual and formal language in which these
phenomena arise as natural consequences of
element structure and circuit analysis principles.
This eliminates the theoretical fragmentation and
methodological uncertainty typical of existing
fractional and integral models and creates a basis
for their systematic inclusion in a unified theory.
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The results presented should be regarded as an
initial stage in the development of a generalised
theory of electrical circuits. Future work will
address specific classes of generalised elements,
formal rules for their interconnection and
reduction, analysis of operator-order changes
under equivalent transformations, and the
formulation of circuit equations for complex
distributed and network structures. In the longer
term, this should lead to a comprehensive theory
in which phenomena appearing as “clouds on the
horizon™ of classical electrical engineering are
explained as direct consequences of circuit
structure and universal analytical principles.
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